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A mathematical analysis is conducted on the experimental results of a study conducted 

on epoxy-based glass fiber reinforced plastics (GFRP) composites. Three different 

types of reinforcements were used in the form of woven fibers. Fabrics made of glass 

fibers, carbon fibers, and (glass-carbon) hybrid fibers were used at different volume 

fractions. 
 

The rule of mixtures (ROM) and the Hapin-Tsai (H-T) equations were used to analyze 

the experimental results. It was found that the ROM equations give approximate upper 

bound values for all investigated composites, for all considered volume fractions. 

It was also found that there is good agreement between H-T calculated values of 

fracture stress and those values that were determined experimentally for all volume 

fractions investigated. 
 

Elastic modulus values calculated according to H-T equations showed good agreement 

with experimental values at low reinforcement volume fractions. However, as the 

volume fraction increased, the experimental and calculated values diverted from each 

other considerably. 
 

A correlation function was calculated based on the differences between the elastic 

modulus values determined experimentally and those derived from H-T calculations. 

This function was applied to H-T values and thus, the differences between them and the 

experimental data were reduced. 

 
KEYWORDS : Epoxy composites – woven fabric reinforcement – rule of mixtures – 
Halpin-Tsai equations – fracture stress – elastic modulus. 

 
NOMENCLATURE 

E1 Longitudinal moduls of elasticity of composites. 

Ef Longitudinal moduls of elasticity of fibers. 

Em Longitudinal moduls of elasticity of matrix. 

Ehl Longitudinal moduls of elasticity of hybrid interply composites. 
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Eg Longitudinal moduls of elasticity of glass fibers. 

Ec Longitudinal moduls of elasticity of carbon fibers. 

Vm Volume fraction of matrix . 

Vf Volume fraction of fibers . 

Vc Volume fraction of carbon fibers . 

1 Fracture stress of composites . 

f Fracture stress of fibers . 

m Fracture stress of matrix . 

hL Fracture stress of hybrid interply composites . 

g Fracture stress of glass fibers. 

c Fracture stress of carbon fibers . 

 
1- INTRODUCTION 

Composite materials are successfully replacing conventional metals in many 

applications. Light weight, high specific strength and stiffness, affordability, and ease 

of manufacturing are few of the advantages of composites over traditional metals. The 

wide-scale adoption of composite materials in many engineering applications 

necessitates a thorough understanding of the strength and mechanics of these materials. 

Many investigations have been conduced to suggest new equations or to develop 

existing equations, that describe the composite strength. Chamis and Sendeckyj [1] 

presented a summary and a review of the various methods and models used for 

obtaining composite properties. In order of complexity, these models can be listed as 

follows: 

a- The mechanics of materials approach, 

b- The self-consistent field method, 

c- The variational calculus method, and,  

d- The numerical techniques approach. 
 

The mechanics of materials approach can be considered the simplest and easiest to 

apply. Several equations have been developed according to this approach. The most 

widely used ones are : the rule of mixtures (ROM), and Halpin-Tsai (H-T) equations. 

The basic assumptions used for the development of (ROM) and (H-T) equations, as 

well as most micromechanical approach are: both matrix and fibers are linearly elastic, 

isotropic, and homogeneous, fibers are perfectly aligned and spaced, matrix is void 

free, and bonding between matrix and fibers is perfect. 
 

According to ROM, two moduli of elasticity can be derived, E1, and E2. Directions                  

1 and 2 represent loading directions aligned to and perpendicular to fiber directions,  

Fig. 1 
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The first modulus, E1, is given by [2] : 
 

E1  =  Ef Vf + Em Vm                                                           (1) 
 

The strength of a unidirectional composite, c, can be obtained according to the ROM 

from the equation. 
 

c  =  f Vf + m (1 – Vf)                                                      (2)  
 

These equations are based on the assumption of isostrain, 

 i.e.  c =  f =   m   

This assumption is represented by springs-in-parallel model. 

Equation (1) assumes no interaction between fibers and matrix. Thus, each constituent 

contributes its full capacity to the strength of the composite. Therefore, it gives an 

upper bound for composite strength.  

The second modulus, E2, according to the ROM, is given for transverse loading, i.e. 

load is applied perpendicular to fiber direction. Derivation of E2 assumes isostress, i.e.: 

 c =  f  = m  

However, no plausible assumption or explanation is mentioned regarding the 

relationship between the strains in the fibers and in the matrix in the 2- direction. 

Modulus E2 is given by [2]: 
 

E2  =  
mffm

mf

EVEV

EE


                                                    (3) 

 

A simple springs-in-series model represents the representative volume element loaded 

in the 2- direction. Comparing predictions from equation (3) to experimental data 

shows that equation (3) gives a lower bound for composite strength [3]. 

The ROM can also be used to evaluate the properties of composites reinforced by 

hybrid reinforcements that consist of two different fibers. In this case, another 

assumption is made in the derivation of the equations, i.e. that the longitudinal modulus 

of elasticity of the polymeric matrix is very small compared to that of the two types of 

fibers [4]. Thus, the elastic modulus, and the fracture strength of the composite are 

obtained from :  

 Ehl  = Eg (1 – Vm) + (Ec – Eg) Vc                                               (4) 

 hl  = g (1 – Vm) + (c – g) Vc                                                  (5) 
 

Halpin and Tsai [5] developed empirical generalized equations that readily give quite 

satisfactory approximation of more complicated micromechanics results. These 

equations are quite accurate at low fiber volume fraction. They are also useful in 

determining the properties of composites that contain discontinuous fibers oriented in 

the loading direction [6]. 
 

The Halpin- Tsai (H-T) equations can be written as : 
 

 M/Mm  = (1 +   Vf) / (1 -  Vf)                                                     (6) 
 

Where 



M.  Abdel Ghafaar  ;     A. A. Mazen    and   N.  A.  El-Mahallawy 
________________________________________________________________________________________________________________________________ 

230 

   =  



)/(

1)/( )

mf

mf

MM

MM
                                                   (7) 

 

Where M represents composite moduli, e.g. E11, E22, G12, G23, V12, V23, etc., Mf and Mm 

represent corresponding fiber and matrix moduli, respectively. Vf is the fiber volume 

fraction, and  is a measure of reinforcement of the composite material that depends on 

the fiber geometry, packing geometry and loading conditions. The term  is an 

empirical factor that is used to make equation (6) conforms to the experimental data. 

The function  in equation (7) is constructed in such a way that when Vf = 0, M = Mm, 

and when Vf = 1 , M = Mf. So, for   → o : 
 

 
f

f

m

m

M

V

M

V

M


1
                                                          (8) 

 

and for   →  : M = Mf Vf + Mm Vm                                              (9) 
 

These two extremes bound the composite properties. Equation (8) gives a lower bound, 

while equation (9) which is the well-known rule of mixtures equation gives an upper 

bound. 

Whitney [7] suggests  = 1 or 2 for the transverse modulus E22 depending on the fiber 

array type, e.g. hexagonal, square, etc. Nielsen [8], modified the H-T equations to 

include the maximum packing factor max of reinforcement. 

The goal of the present work is to investigate the applicability of the rule of mixtures 

and the Halpin-Tsai equations to the results of an experimental study conducted by the 

present authors. Three different composites were investigated ; epoxy reinforced by 

glass fibers (Vf= 9.2 up to 36.8 vol. %), epoxy reinforced by carbon fibers (Vf =      

36.8 vol. %), and epoxy reinforced by hybrid fibers consisting of interlaminar layers of 

glass and carbon fabrics (Vf = 36.8 vol. %). 

 
2- EXPERIMENTAL RESULTS 

 

An experimental study was conducted by the present authors [9] on epoxy matrix 

reinforced by woven fabrics. Tensile, compressive, and bending tests were used to 

evaluate the mechanical properties of the composites. Glass fibers, carbon fibers, and 

glass-carbon hybrid fibers were used in the woven form. The fiber volume fractions for 

woven glass reinforcement ranged from 9.2 vol. % to 36.8 vol. %. A 36.8 vol. % 

reinforcement volume fraction was used for both carbon and hybrid (carbon/glass) 

woven fabrics. 

 
2.1 Material Properties  
 

Table 1 gives a summary of the data of the composite constituents. These data are 

provided by the supplier. 
As mentioned earlier three different types of composites were investigated. All 

composites had an epoxy matrix. Three different types of reinforcements were used, 

e.g. woven glass fibers, woven carbon fibers, and hybrid (glass/carbon) interplay 

fibers. 
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Table 1:  Mechanical Properties of Composite Constituents. 
 

1- Matrix :  

Elastic Modulus, Em 2.66 GPa 

Fracture Stress, m 57.20 MPa 

2- Woven Glass Fibers :  

Elastic Modulus, Eg 72.00 GPa 

Fracture Stress, g 3.45   GPa 

3- Woven Carbon Fibers :  

Elastic Modulus, Ec 320.00 GPa 

Fracture Stress, c 3.53   GPa 
   
 

2.2 Composite Properties  
Table 2  gives a summary of the mechanical properties of the investigated composites 

under tensile loading. 

 
Table 2a : Mean Values 

(*)
 of Tensile Properties for GFRE. 

 

Volume 

fractions of 

fibers 

Strain at 

fracture 

f % 

Fracture 

stress Sf MPa 

Modulus of 

elasticity E 

(GPa) 

Modulus of 

resilience         

Ur (N. mm/mm
3
 

0 1.475 46.29 2.66 0.34 

9.2% 1.45 62.56 5.67 0.454 

18.4% 1.52 74.7 7.8 0.57 

36.8% 2.65 173.4 10.6 0.32 
 

* Average of at least three tests. 

 
Table 2b: Mean Values 

(*)
 of Tensile Properties of GFRE, Hybrid and CFRE. 

 

Type of 

Laminate 
Volume 

fractions of 

fibers 

Strain at 

fracture 

f % 

Fracture 

stress Sf 

MPa 

Modulus of 

elasticity E 

(GPa) 

Modulus of 

resilience         

Ur (N. mm/mm
3
 

GFRE 36.8 % 2.65 173.4 10.6 2.3 

Hybrid  36.8 % 2.285 273.5 12.4 3.12 

CFRE 36.8 % 2.53 360.63 16.8 4.56 
* Average of at least three tests. 

 

[3- APPLICATION OF THE ROM EQUATIONS TO PRESENT STUDY 
The data given in Table 1 were used to calculate the elastic modulus and fracture 

strength of the different types of composites according to equations (2), (4), and (5). 

Figures 2 and 3 show plots of the experimentally determined modulus and fracture 

strength, versus the same parameters calculated using the ROM equations. 

It is clear that there is a big difference between ROM calculated values for E and f , 

and the experimentally determined ones. The ROM calculated data gives higher values 

for all volume fractions of fibers investigated, and for all types of composites. 

This shows that the ROM equations for calculation of properties of fiber reinforced 

epoxy and hybrid fiber reinforced epoxy give upper bound results. 
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Fig. 2: Application of ROM to experimental data for elastic modulus. 

 

 

 
 
 
 
 
 
 
 
 
 
 

Fig. 3: Application of ROM to experimental data for fracture stress. 

 
 

4- APPLICATION OF HALPIN-TSAI EQUATIONS TO  
PRESENT STUDY 

 

Equations (6) and (7) were used to calculate the elastic modulus and the fracture stress 

of the composites reported  in the present study . The parameters used were as follows : 

Em = 2.66 GPa , m = 57.2 MPa , Eg = 72.0 GPa ECar = 320 GPa , car = 3.53 GPa . 

Volume fractions varying from 9.2 vol. % to 36.8 vol.% were considered for glass 

fibers , while a single volume fraction of 36.8 vol. % was considered for each of the 

carbon , and hybrid reinforcements. The empirical parameter  was taken = 2.0 

according to reference ]6[ .  
 

Figures 4 and 5 show plots of the data obtained experimentally and those calculated 

according to Halpin–Tasi equations.  
 

It is clear that for low volume fractions of GFRP, there is good agreement between the 

date obtained experimentally and those calculated according to H-T equations. As the 

reinforcement volume fraction increases , noticeable divergence is observed for the 

data of the elastic modulus. However , the data of the fracture stress continue to show 

very good agreement up to the largest volume fractions of fibers investigated. 
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Extrapolation of both the experimental and calculated fracture stress data show that 

H.T equations could be used satisfactorily to give accurate results . This can be seen in 

Fig. 5 by extrapolating the experimental data trend (the dashed line) and the calculated 

values curve (the solid line). 
 

It can be concluded that the H-T equations need to be modified in regards to 

calculations of the elastic modulus.  
 

 
 
 
 
 
 
 
 
 

 

 
Fig. 4:  Application of Halpin-Tsai equations to experimental data  

for the elastic modulus. 

 
 

 

 
 
 
 
 
 
 
 

 

Fig. 5: Application of Halpin-Tsai equations to experimental data  
for the fracture stress. 

 
 

5- MODIFICATION OF THE H-T EQUATIONS 
 

As mentioned above, the H-T equations need to be modified in order to get good 

correlation between experimental and calculated elastic modulus data. The 

reinforcements investigated in the present study consist  of woven fabrics. Woven 

fabrics could be considered as consisting of two separate types of fibers, i.e. 

longitudinal fibers, and transverse ones. Each of these constituents is 1/2 Vf (Where Vf 

is the reinforcement volume fraction). Thus, the elastic modulus of the composite could 

be written as :  
 

  Ec = E1 + E2                                             (10)  
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Where E1 is the elastic modulus contribution due to longitudinal fibers, and E2 is the 

contribution of the transverse fibers to the elastic modulus. 

Imposing a correlation factor , F1 , on equation  (10) , we may write :  
 

Ec = F1  ] E1 + E2 [                                                      (11)  
 

F1 is a correlation function that depends primarily on the reinforcement volume 

fraction and type of fibers. It is expected that F1 is strongly affected by other factors, 

e.g. fiber arrangement, bond strength between fibers and matrix, etc. 

F1 is calculated to reduce the differences between the experimentally determined data 

and the calculated ones.  

Halpin–Tsai equations can now be written as : 
  

Ec  = F1 ] E1 + E2[  
= F1 [ Em ( 1 + L L Vf /2) / (1-L Vf /2) [ +  

   ] Em (1+ t t Vf /2) / (1- t Vf /2 )] }                             (12)  

 
Where :  

Ec  is the elastic modulus of the composite loaded in the 1- direction,  

E1  is the contribution of the longitudinal fibers to Ec the elastic modulus,  

E2 is the contribution of the transverse fibers to Ec,  

F1 is an empirical correlation function determined based on the differences 

between the experimental and calculated data,  

L , t calculated parameters based on 

L and t. ]  = (Mf / Mm) – 1[ ]Mf / Mm) +  [ 
 L  empirical parameter = 2 for longitudinal direction,  

 t  empirical parameter = 0.5 for transverse direction  

 
  

  
 
 
 
 
 
 

 
 
 
 
 
 
 

 
Fig. 6: Plot Of The Correlation Function F1 Vs. Reinforcement Volume Fraction. 
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5-1 Application of the Suggested Modification  
 

1- Run few experiments to determine the variation of the elastic modulus and fracture 

stress with fiber volume fraction, 

2- Calculate the same parameters using H-T equations, 

3- Calculate F1 according to equations (11) and (12) , 

4- Reduce the calculated H-T plot  by F1 to match the experimental data, 

5- Use extrapolation to calculate the desired parameter, i.e. E or f at any volume 

fraction.    

 
6- CONCLUSIONS 

 

A mathematical analysis was conducted on the experimental results of a study 

conducted on epoxy-based composites reinforced by three different types of woven 

fabrics .  
 

The rule of mixtures (ROM) equations and the Halpin-Tasi (H-T) equations were used 

in the analysis because they are the most widely used equations in the literature. The 

controlling parameters investigated are the elastic modulus of the composites and their 

fracture stress.  
 

It was found that the ROM gives approximate values for the investigated parameters  

that represent upper bound values for both the elastic modulus and the fracture stress. 

Fracture stress values calculated according to H-T equations showed very good 

correlation with the experimentally determined values. However the elastic modulus 

values calculated using H–T equations showed good correlation with the experimental 

data for low reinforcement volume fractions. As the volume fraction increased the two 

values started to divert from each other considerably. A correlation function was 

calculated based on the differences between experimental and calculated values and 

was applied to the H–T values to reduce its differences with the experimental data. 
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 تساى   -داΕ قاعدة المخاليط وهالببن تطبيق معا
Δمن اأيبوكسى المقوى باألياف المنسوج Δالمصنوع Δللمواد المركب 

 
تϡ عمل تحϠيل رياضى لنتائج أبحاث عمϠية تϡ إجرا΅هاا عϠاى الما ال المر باة المةان عة 

 من اأيب  سى المϘ ى ب΄لياف منس جة. 
 

 هاى   أليااف الاجاا  ل أليااف ال ربا ن ل  تϡ استخلاϡ ثاثة أن اع من األياف المنسا جة
ألياف مهجنة مةن عة من خϠيط من ألياف الاجا   ال رب ن . تϡ استخلاϡ نسا  مختϠةاة 

 %.3..8% إلى 2.9من حج ϡ التϘ ية تترا ح بين 
 

لتحϠيل النتائج تϡ حسا   ل من معامل المر نة  إجهاال ال سار باساتخلاϡ معاالاع ةاعال  
 تساى . –لبين المخاليط  معاللة ها

 

 جل أن معالاع ةاعل  المخاليط تعطى نتائج تϘريبية بعيل  لائما  أعϠى من الϘيϡ المϘاساة 
 عمϠياً  ذلϙ لجميع نس  التϘ ية  لجميع أن اع األياف المختبر  .

تساى تعطى نتائج متةϘة  ثياراً جالا ماع النتاائج المϘاساة  – ذلϙ  جل أن معالاع هالبين 
عمϠيا بالنسبة لحساباع إجهال ال سر  ذلϙ لجميع نس  التϘ ية   افة أنا اع األيااف التاى 

 تϡ اختبارها.
 

تساااى تتةاا  مااع الϘاايϡ  – جاال أن ةاايϡ معاماال المر نااة المحساا بة طبϘاااً لمعااالاع هااالبين 
المنخةضااة ل  ل اان  Ϡمااا االع نساابة التϘ يااة  Ϡمااا اال المϘاسااة عمϠيااا عناال نساا  التϘ يااة 

 الةار  بين الϘيϡ المحس بة  الϘيϡ المϘاسة عمϠياً بطريϘة مϠح ظة.
 

تϡ حسا  لالة الت اف  بناء عϠى الة ار  بين الϘيϡ المϘاسة عمϠياً  الϘيϡ المحس بة لمعامال 
 هذه الϘيϡ. المر نة .. بتطبي  هذه اللالة يم ن إلغاء الة ار  بين  ا من

  
 
 


