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ABSTRACT - The costs due to producing a product below the lower 

specification and above the upper specification limit are not equal in the 

production process.  Due to these different costs, the total cost incurred 

will greatly depend on the process mean value.  This study shows how the 

optimum value of production process mean can be obtained when the 

quality characteristic follows normal and non-normal distributions.  In 

this study, optimization models for determining the optimum values of 

production process mean under different cost criteria are presented.  A 

numerical example and sensitivity analysis are performed for each quality 

characteristic distribution. 
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1. INTRODUCTION 

 

           Modern industries are constantly striving to reduce costs in their process.  

Process cost reduction entails a rational decision making in relation to the process 

parameters using quantitative modeling.  One of the most important decision making 

problems encountered in a wide variety of industrial process is determination of 

process mean. 

          Carlsson [1] derived the optimal process mean, assuming that a net income 

function is a linear function of a quality characteristic. Golhar [2] determined the best 

mean contents for a canning process.  He assumes that, under filled cans are not sold 

but reprocessed and sold at regular price. Golhar and Pollock [3] determined the 

optimum process mean and upper limit for a canning process. This model was an 

extension of Golhar’s model [2] in which both the upper limit and mean are taken as 

control variables. Golhar and Pollock [4] studied the effect of reduction in filling 

process variance on the saving excess cost. The linear profit function of quality 

characteristic has been applied in their analysis for determining the optimum process 

mean. Dodson [5] derived the optimum process target value for a production process 

under different cost criteria. He assumes that, the products that fall above the upper 

limit are scrapped. Madduri et al [6] presented the optimal process mean under 

different cost environments for a process modeled by a normal distribution. Misiorek   
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and Barnett [7] presented the modified Golhar and Pollock model [3] with extra cost 

parameters.  They  considered the normal distribution of the quality characteristic in 

their analysis. Lee et al [8,9] studied the economic selection of the process mean.  The 

normal distribution of the quality characteristic has been considered in their analysis. 

Li [10] studied the economic selection of process mean. The quadratic and linear 

quality loss function has been applied in his study for determining the optimum process 

mean value.  Chung [11] presented a method for determining the optimum process 

mean in order to minimize the expected total loss of a product.  This method takes into 

account an indirect quality characteristic with the quadratic quality loss of a product 

within specifications. Chung [12] presented the modified Misiorek and Barnett’s model 

[7] with beta distribution for determining the optimum process mean. 
 

          The majority of the previous studies assume that, the quality characteristic of the 

production process follows a normal distribution.  But the quality characteristic 

distribution is more flexible in shape such as lognormal distribution (skewed 

distribution). In this study, an optimization model for determining the optimum 

production process mean value when the quality characteristic follows normal and non-

normal distribution has been presented. A numerical example and sensitivity analysis 

are performed for each quality characteristic distribution. 

 
2. THEORETICAL  ANALYSIS 

 

      Two types of quality costs are considered in this study.  First, when a product falls 

below the lower specification limit, the product is rejected and a scrap cost ( RC ) is 

incurred. Second, when a product falls above the upper specification limit, the product 

is reworked and a rework cost ( EC ) is incurred.  Assume that, all products are subject 

to inspection (100 % inspection) and no inspection error is allowed. Optimization 

models under two cases of quality characteristic distribution will be discussed in the 

following sections. 

 
2.1 Case 1 :  Quality Characteristic Is Normally Distributed  
 

               Assume that the quality characteristic Y  is normally distributed with a 

mean   and a standard deviation .  Let L  and U denote the lower and upper 

specification limits, respectively. 

 
2.1.1  Minimizing  expected  total  cost  model 
 

                 The objective is to minimize the total cost considering scrap and rework 

costs.  Under these situations, the optimization model is to  
 

                                  Minimize (E )()() ERC CECET                           (1) 
 

 Subject to  UL    
 

Where )( CTE  is the expected total cost per product unit, )( RCE  is the expected 

scrap cost due to rejected products which fall below L , ECE (  ) is the expected 
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rework cost due to products which fall above U .  The constraint serves to ensure that 

the process target falls between the specification limits. The objective function in 

equation 1 becomes 
 

                                 )()()( LYPCUYPCTE REC   
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        Where (.)  represent the cumulative normal density function. The first 

derivative of equation 2 with respect to  , can be obtained as 
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Where (.) denotes the standard normal density function.  Setting equation 3 to zero, 
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Note that  


1  is not equal to zero from a practical view point and hence 
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Equation 5 reduces to  
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Taking a logarithmic transformation, equation 6 becomes 
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After some algebra, equation 8 becomes 
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The second derivative of equation 2 is always greater than zero, which indicates that 

equation 2 is a convex function.  Hence equation 9 provides the global minimum 

(optimum) for the process mean. 

 

2.1.2  Maximizing  expected  profit  model 
  

         Suppose a product that falls in between two limits can be sold at price P  in the 

market.  The model to maximize the profit is then to 
 

                          Maximize        ERPP CCECENE                                   (10) 
 

 Subject to UL    

Where  PNE  is the expected net (total) profit,  PCE  is the expected revenue per 

unit.  The objective function in equation 10 can be rewritten as 
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Taking the first derivative of equation 11 with respect to    and setting it equal to zero 

results in  
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After some algebra, equation 12 becomes 
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After applying a logarithmic transformation, equation 13 reduces to 
 

                                   
 













 


















2

22

2 2
ln



 LU

CP

CPLU

E

R                            (14) 

 

Hence, 
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The objective function in equation 10 is concave and therefore equation 15 provides 

the global maximum.  
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2.2 Case 2 :  Quality Characteristic Is Non -Normally Distributed 
  

        Assumed that the quality characteristic Y follows a lognormal distribution and its 

probability density function is given by 
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Where    and     are the mean and standard deviation of the normal distribution 

associated with the lognormal variable y. 
 

The expected total cost )( CTE per product unit (equation 1) 
 

                                         (E )()() ERC CECET         
 

In terms of the probability of the products falling outside the limits, the expected total 

cost equation can be written as  
 

                                 )()()( LYPCUYPCTE REC   
 

By using the definition of an expected value of a random variable, the expected total 

cost can be given by 
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2.2.1  Minimizing  expected  total  cost  model  
 

         The objective is to minimize the expected total cost. Hence the optimization 

model is to  
 

Minimize  
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Subject to UL    
 

To determine the optimum process mean that would minimize the expected total cost, 

equation 17 is differentiated with respect to 


 and the first derivative is given by 
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Since   is always positive,  


1  can never be equal to zero.  Therefore, equation 18 

can then be written as 



A. Wazeer 
________________________________________________________________________________________________________________________________ 

 

446 

                                               






 








 











L
C

U
C RE

lnln
                    (19) 

 

The expression for probability density function given in equation 16 can be used to 

expand equation 19 as 
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Taking the logarithm of both sides, equation 20 becomes 
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Simplifying equation 21, optimal process mean can be given by 
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The optimal mean obtained in equation 22 pertains to the distribution of  yln . The 

optimal process mean for the lognormal distribution of y can then be given by  

2

2
 

e  .   The second derivative of equation (17) is always greater than zero. Hence, 

equation 17 is a convex function and the optimal solution obtained in equation 22 is a 

global minimum. Thus, equation 22 gives the value of process mean for the minimum 

process cost.   

 
2.2.2 Maximizing  expected  profit  model 
 

          In this model, the maximization of expected profit is the optimization criterion. 

If a product that falls within the screening limits can be sold at a price P , then 

expected profit is given by ( see equation 10) 
 

                                                   ERPP CECECENE                                        
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Therefore, the expected profit can be given by 
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By differentiating  PNE  with respect to   and the first derivative is given by 
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To obtain the optimal solution, 
  
d

NEd P   is equal to zero. Since  


1  is always 

greater than zero.  Therefore, equation 24 can then be written as  
 








 








 
















 








 





















U
C

L
C

LU
P ER

lnlnlnln
 (25) 

 

Dividing equation 25 by 
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 and rearranging the terms, equation 25 

becomes 
 

                             






















 








 

E

R

CP

CP

L

U











ln

ln

                             (26) 

 

By using expression for probability density function in equation 16, equation 26 can be 

expanded to 
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Considering the logarithmic transformation on both sides, equation 27 can be written 

as 
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Therefore, the optimum process mean can be given by 
 

                                     
 

2

ln

ln

ln2

LU

L

U

CP

CP

E

R












































                              (28) 

 

The optimum process mean for the lognormal variable y  is given by 2

2
 

e  .  The 

second derivative of equation 23 is always less than zero. Hence, equation 23 is a 

convex function and the optimal solution obtained in equation 28 is a global minimum. 

Thus, equation 28 provides the global maximum.  Hence implementing the process 

mean, using equation 28 the maximum profit will be obtained.  

 
3. NUMERICAL EXAMPLE AND DISCUSSION 

 

        In this section, an example is presented and then based on this example, 

sensitivity analysis is performed to show how the effects of the change in the cost ratio 
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 on the optimum process mean value   .  This example is taken from [6], so 

that the solution can be compared with the solution obtained based on the assumption 

of normality.  Here is some information about this example, the variance of normal 

distribution for the quality characteristic associated with variable 5.02  . The lower 

and upper specification limits are 1L  and 7U , respectively. A product which 

falls in between two specification limits can be sold at price $ 5  5$P  in the 

market.  The results of sensitivity analysis by varying the cost ratio value 
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 are 

shown in Table 1. 

 

It can be noticed that, the optimum process mean value varies depending on the ratio 

between the scrap cost and rework cost.  When the quality characteristic follows 

normal distribution the optimum process mean value is higher than that of the quality 

characteristic follows non-normal distribution.  When the scrap and rework costs are 

equal 









 1
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C
, the optimum process mean value using model 1 (minimizing 

expected total cost ) or using model 2 (Maximizing Expected Profit ) is equal.  But as 

the scrap cost increases, the optimum process mean value increases for the two models 

when the quality characteristic follows normal and non-normal distributions.  That is, 

the optimum mean shifts toward to the upper specification limit  U .    
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Table 1: Calculated results of optimum process mean value. 
 

 

Cost 

Ratio 












E

R

C

C
 

Optimum Process Mean Value, 
  

Normal Distribution Non-Normal Distribution 

Model 1 

Minimizing 

Expected Total 

Cost 

Model 2 

Maximizing 

Expected 

Profit 

Model 1 

Minimizing 

Expected Total 

Cost 

Model 2 

Maximizing 

Expected 

Profit 

0.25 3.882 3.971 2.091 2.697 

0.50 3.943 3.966 2.503 2.875 

0.75 3.974 3.987 2.784 2.949 

1.00 4.000 4.000 2.992 2.992 

1.25 4.012 4.010 3.164 3.012 

1.50 4.032 4.010 3.312 3.034 

1.75 4.054 4.010 3.453 3.049 

2.00 4.062 4.010 3.573 3.056 

2.25 4.074 4.010 3.684 3.063 

2.50 4.082 4.010 3.784 3.070 

2.75 4.084 4.010 3.872 3.077 

3.00 4.091 4.010 3.963 3.080 

3.25 4.101 4.010 4.043 3.084 

3.50 4.103 4.010 4.124 3.087 

3.75 4.111 4.010 4.194 3.091 

4.00 4.122 4.011 4.264 3.093 

4.25 4.123 4.011 4.334 3.095 

4.50 4.132 4.012 4.394 3.098 

4.75 4.133 4.012 4.453 3.099 

5.00 4.134 4.012 4.514 3.100 

EC : Rework cost per unit.           

RC  : Scrap cost per unit 

 
4. CONCLUSIONS 

 

              From the previous discussion the following conclusions can be drawn: 

1. The assumption of normality for quality characteristic distribution in the 

production process may not be always appropriate. 

2. By using the presented analytical techniques, the optimum value of production 

process mean can be determined for normal and non-normal quality characteristic 

distributions. 

3. By varying the cost parameters, such as scrap cost and rework cost the sensitivity 

analysis revealed the behavior of the optimum production process mean under 

different distributions of the quality characteristic. 

4. The optimum production process mean using maximizing expected profit model is 

higher than the one using minimizing expected total cost model for each quality 

characteristic distribution. 
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  الإنتاجالمتوسطه المثلى لعملية  القيمةالتشغيل على  وإعادة الخردةتأثير تكلفة 
 

 عبدالحميدوزير  دعبد الحمي
 والتصميم الإنتاجقسم هندسة 

 ويفس بنى – الصناعيكلية التعليم 
 

لول ييذ تنت  إوعييل لييي  نيولعجيي معظييع لماتييلت نيع ييوت  عتييلي نيعتييليت   فيي           
لول يذ  إوعيل ليي  نيولعجي د نيمسملح به لا ععسيلل  مي  نيعتيليت  ملن فلت نقل مي نيح

 نيتاتي تنت ملن فلت نتبذ مي نيحيد نيمسيملح بيهس بسيبا ايتن نلاتيعم  عععميد نيعتيليت  
 سنلإوعل نيمعلسطه يعمات   نيقتم نلعملدن تبتذن لاى  نلإوعل يعمات  

          

  إعبيل حليي   في  نلإوعيل نيمثاى يعماتي  نيمعلسطه  نيقتم بهد  عحدتد  نيدذنس نجذتت اته  
ل  نيذتلضيت  ني يتغ س عيع نتيعقل  طبتعي أل نيعلزت  نيغتيذ  نيطبتع نيعلزت   نيجلدة ف  
لتيي  لوييد نتييعم   نلإوعييل نيمعلسييطه نيمثاييى يعماتي   نيقتمي عحدتييد  أمتييبلنسييطعهل  نيعي 
 نيعتغتلس إللدةلعتاف   نيتذدةبتي عتاف   نيوسب 

 

 في  نلإوعيل نيمعلسطه نيمثاى يعمات   نيقتم قعذنح وملتجتي ذتلضتتي يعحدتد  عع ن          
ميي لماتي   نيمعلقعي  نيعتاف لفى حلي  عقاتل  نلإوعل مي لمات   نيمعلقع  نيفلئدةحلي  ععظتع 

 سنلإوعل 
 

 نيدذنسيي اييته  فيي نيمقعييذح  نلأسييالاعييع لييذا مثييلل يعلضييتا تتفتيي  نسييعتدنع           
بيتي  نيوسيب لويد نتيعم   نلإوعيل نيمعلسيطه نيمثايى يعماتي   نيقتمي لعحدتد مد  حسلست    

  -:نيعليت نيوعلئج  إيىلقد عع نيعل ل نيعتغتلس إللدةلعتاف   نيتذدةعتاف  
 

نيمعلسيطه نيمثايى  نيقتمي تمتي عحدتيد  نيجلدةععبعه  ف   نيتيطبقل يول  نيعلزت   -1
 سنيدذنس اته  ف نيمقعذح  نيذتلض نيوملت  لتي  بلسعتدنع  نلإوعل يعمات  

عتييلي  طبتعيي أل نيعلزتي  نيغتييذ  نيطبتعيي نيعلزتيي   نيجييلدة يف    إعبييل حلييي   في  -2
نتبيذ ميي  نيفلئيدةبلسيعتدنع وميلت  ععظيتع  نلإوعيل نيمعلسطه نيمثايى يعماتي   نيقتم 
 س   نلإوعل يعمات   نيمعلقع  نيعتاف نيمثاى بلسعتدنع وملت  عقاتل  نيقتم 
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