
Journal of Engineering Sciences, Assiut University, Vol. 34,  No. 5,  pp. 1549-1559, Sept.  2006 

OUTPUT  FEEDBACK  SLIDING  MODE  CONTROL  FOR 
 UNCERTAIN  DYNAMICAL  SYSTEMS 

_____________________________________________________________________ 
 

Abdel-Magid  M. A.  Mohamed 
Electrical Engineering Department, Aswan Faculty of Engineering, 
South Valley University, Aswan, Egypt 
 

(Received  July  2, 2006  Accepted  July  20, 2006) 
 
ABSTRACT –  The paper presents a method to design sliding mode 
control for uncertain dynamical system using only output information. 
Switching surface is designed through system transformations and pole 
placement technique. The control law that comprises both equivalent and 
robust components is investigated. System stability is discussed by using 
Lyapunov function. Illustrative numerical examples are included to show 
the applicability and simplicity of the suggested method. 

 
1.  INTRODUCTION 

 

    Variable structure control with sliding mode is a robust nonlinear control strategy 
employing feedback of a discontinuous signal and has been widely applied to various 
systems [1,2]. A salient feature of this control is that it is completely robust to matched 
uncertainties that lie in the range space of the input matrix. 
   In sliding mode control (SMC), there are two basic design problems, the reaching 
condition and the sliding condition. The former involves choosing a control to move 
the trajectories of the system onto a preselected manifold within the state space. The 
latter involves selecting that manifold to give good dynamic characteristics to the 
closed loop system. 
   Sliding mode control for linear uncertain systems, under the assumption that all 
system states are available for measurement, has been studied by using many authors 
[see, e.g. 1, 2, 3]. The preceding assumption is not usually the case and to overcome 
this difficulty an estimator may be used to estimate the unmeasured states or use only 
output variables to implement the control law.  
   The problem of SMC design for uncertain dynamical systems using output 
information only has been considered by many authors [4-12]. The advantage of output 
feedback sliding mode control is using the available outputs of the system and it avoids 
using an observer to estimate the unmeasurable states. 
   The purpose of this paper is to investigate the sliding mode control design using only 
output information for uncertain dynamical system. First, the switching surface is 
designed by using coordinate transformations and pole placement approach. Switching 
surface existence condition is obtained. Second, the control vector that comprises both 
equivalent and robust components is constructed such that the trajectories are driven to 
and maintained on the sliding surface. System stability under matched uncertainty is 
guaranteed by using Lyapunov function. Also, numerical examples are included.    
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2.  SYSTEM  DESCRIPTION 
 

  Consider an uncertain dynamical multivariable system of the form 
 

                  [ ] [ ] ),,(),,(),( uxtfuxtwuBxxtAAx +++∆+=
•

                                 (1a) 
 

                  Cxy =                                                                                                       (1b) 
 

where nx ℜ∈ , mu ℜ∈   and  py ℜ∈  are the state, the input and the  output vectors, 
respectively, with npm <≤  . A, B and C are constant matrices with appropriate 
dimensions. B and C have full rank, rank (CB) =m and (A,B) is controllable. The term 

),( xtA∆  represents the uncertainty in the linear portion of the plant and ),,( uxtf  

symbolizes the nonlinearities of the plant while ),,( uxtw  can be viewed as the 

nonlinearities or disturbances at the input. We assume that fA,∆  and w  are bounded. 
Furthermore, the following matching conditions are assumed to be valid. There exist 
functions (.)α  and (.)γ  such that 
 

                    ),,(),,( uxtBuxtf α=                                                                             (2) 
 

                     ),(),( xtBxxtA γ=∆                                                                                (3) 
 

Under the matching conditions (2) and (3), system (1a) can be simplified to 
 

                     [ ]),,( uxtuBAxx δ++=
•

                                                                      (4a) 
 

       Cxy =                                                                                                    (4b) 
 

where ),,( uxtδ  represents the lumped uncertainties and/ or nonlinearities: 
 

     ),,(),(),,(),,( uxtwxtuxtuxt ++= γαδ                                             (5) 
 

and assuming that there exist a continuous positive bounded function (.)ρ  such that 

                     ),(),,( utuxt ρδ <  

where •  indicates the Euclidean norm.   

   Define the sliding surface as 
 

                    Sy=σ                                                                                                (6) 
 

where S  is an pm ×  matrix to be designed so that the system exhibits desirable 
dynamical behavior when its trajectories are confined to this sliding surface. The 
system is in sliding mode when the state lies on the sliding surface after some finite 
time, i.e. 
 

                 sttSy ≥== 0σ                                                                                (7) 
 

with st  is the time when the sliding mode is reached. The sliding mode control can be 

accomplished in the following two phases: 
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First phase: hyperplane design, that is, given the system (4) and choosing a set of 
mn −  eigenvalues, find the matrix S  such that the mn −  eigenvalues of system (4) in 

the sliding mode are precisely those of the chosen set. It should be noted that the 
reduction of order of (4) to mn −  dimensional equivalent system is because the n  
dimensional state dynamics of (4) must satisfy the m algebraic equation 0=σ . Such 
constraints reduce the equivalent system from nth  order system to an thmn )( −  order 
system [9]. 
 

Second phase:  Determine a switched control of the form  
 

           




<
>

= −

+

0)()(

0)()(
)(

ywhenyu

ywhenyu
yu

ii

ii
i σ

σ
                                                           (8) 

       

such that the system’s trajectory is globally stable to the sliding surface from any point 
in the output space [2]. The purpose of the control u  is to drive the state into the 
sliding subspace, and thereafter to maintain it there. 
 

3.  SWITCHING  SURFACE  DESIGN  PROCEDURE 
 

    Consider the dynamic model of the system in state space form (4) and use a 
coordinate transformation 

 

Rxz =                                                                                                               (9) 
 

where the nonsingular transformation matrix R  is chosen so that 
 

            







=

2

0

B
RB                                                                                                       (10) 

 

where mmB ×ℜ∈2   is nonsingular. Using (9), system (4) becomes 
 

           )(1 δ++= −
•

uRBzRARz                                                                               (11a) 

           zCRy 1−=                                                                                                       (11b) 
 

Or, equivalently, 
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where 2221121121 ,,,, AandAAAandzz mmn ℜ∈ℜ∈ −   are block matrices with 
appropriate dimensions. Then form (12), we get 
 

           2121111 zAzAz +=
•

                                                                                             (13) 

           )(22222212 δ+++=
•

uBzAzAz                                                                        (14) 
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Subsystem of (13) may be regarded as describing the dynamics of an open-loop control 
system with state vector 1z  and control signal 2z  . Noticing that ),( 1211 AA  is 

controllable pair of matrices since the pair ),( BA  is assumed to be controllable. 
The switching surface in the new coordinate is 
 

              zSCRSCxSy 1−===σ                                                                                (15) 
 

Letting 

               [ ]21
1 CCSSCR =−    

               [ ]21 DDD ==                                                                               (16)                                                                 
 

where )(
1

mnpC −×ℜ∈ , mpC ×ℜ∈2 , )(
11

mnmSCD −×ℜ∈=  and mmSCD ×ℜ∈= 22  
nonsingular matrix. Therefore, on sliding, (15) reduces to 

 

              02211 =+ zDzD                                                                                             (17) 
 

and then 

               11
1

22 zDDz −−=                                                                                              (18) 
 

The dynamic behavior of sliding motion is determined by (13) and (18) that is by 
viewing  2z  as the control input to the system (13). The problem of designing an 
appropriate sliding surface can be regarded as a reduced-order state feedback design 
problem. So, substituting from (18) into (13), yields 
 

              ( ) 112111 zNAAz −=
•

                                                                                       (19) 
where  

              1
1

2 DDN −=                                                                                                     (20)         
 

The matrix  NAA 1211 −  is known as the reduced-order equivalent system. So, the 

design of a stable sliding mode such that  ∞→→ tasz 0  requires the determination 

of the gain matrix N  such that NAA 1211 −   has mn −  left-hand half plane 
eigenvalues. With taking into consideration that these mn −  eigenvalues must contain 
the invariant zeros of ),,( CBA  and it is necessary that these zeros are in open left 
hand plane [8]. 
 

Obviously, the closed loop system dynamics (19) during slide is independent on the 
control  u  and depends only on the choice of  S  , which determines the matrixN . 
The convergence of the state vector to the origin is ensured by a suitable choice of the 
matrixN . So, the determination of the matrix N , or alternatively, the determination 
of the matrixS , may be achieved without prior knowledge of the control vector u . 
Also, the eigenvalues of the matrix NAA 1211 −  can be placed arbitrarily in the 

complex plane since the pair ),( 1211 AA  is controllable by a suitable choice of the 

matrixN . Using (16) and (20), we get  
 

                 0=SE                                                                                                        (21) 



OUTPUT  FEEDBACK  SLIDING  MODE  CONTROL  FOR…. 
________________________________________________________________________________________________________________________________ 

1553 

where 12 CNCE −=  known matrix because N , 1C and 2C  are known. Using the 

generalized matrix inverse [13], the general solution of (21) for S  is 
 

                 ( )+−= EEIFS p                                                                                         (22) 
 

where +E  is the generalized inverse of E  and F is an pm× arbitrary matrix which 

must be chosen, if possible, such that S has full rank matrix. Noticing that, to get a full 
raw rank matrixS , the rank of the matrix E  must be less than or equals to mp − . 

 
4.  CONTROLLER  DESIGN 

 

    Now a switched control that drives the system’s trajectory to the switching manifold 
is designed. An approach in variable structure system (VSS) control design is to use 

the equivalent control, equ  which is the control such that 0=
•

σ  for the nominal 

system, as part of the control vector [4]. Therefore, the control law takes the form 
 

               req uuu +=                                                                                                    (23) 
 

where ru  is the robust control, which is switching in nature, developed to guarantee 
the reaching condition that defined as [2] 
 

                 0<
•

σσ T                                                                                                      (24) 
 

in the presence of  ),,( uxtδ . The equivalent control, equ , will be obtained as follows  
 

                
01

1

=+=

===
−

•
−

•••

eqSCBuzSCAR

zSCRxSCySσ
                                                                      (25) 

 

Consequently,  
 

               ( ) ( ) SCAxSCBzSCARSCBueq
111 −−− −=−=                                               (26) 

 

Obviously, to implement output feedback, it is required that (26) depends on the 

outputy . This can be hold true if there exists a matrix  pmQ ×ℜ∈  such that 
 

                  QCSCA =                                                                                                 (27) 
 

and then one can write 
 

                  ( ) QySCBueq
1−−=                                                                                     (28) 

 

and the equivalent control in this case is an explicit output feedback control. Now, the 
problem of existing the matrix Q  is handled. Using the generalized matrix inverse [13],  

the general solution of (27) for Q  is 
 

                ( )++ −+= CCIMHCQ p                                                                          (29) 
 

and the consistency condition is 
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               ( ) 0=− +CCIH n                                                                                           (30) 
 

where SCAH =  ,  +C  is the generalized inverse of  C  and M is an pm× arbitrary 

matrix. Obviously, because C  has full row rank, the second term on the right hand 
side of (29) will be zero. The condition under which (30) is satisfied can be obtained 
by letting 
 

               )( CCICAW n
+−=                                                                                       (31) 

 

Then, (30) reduces to 
 

               0=SW                                                                                                          (32) 
 

Since S  has full rank, therefore (32) is satisfied if )()( mpWrank −≤ , and also if 

0=W . Consequently, the Q  matrix exists if )(dim)( SKerWrank ≤  or 0=W  . 
An alternative method to get Q is by assuming the matrix C has the following form 
 

                 [ ]TC 0=                                                                                                  (33) 
 

where T  is an pp× nonsingular matrix. Noticing that the above assumptions of B  

and C are not restrictions [5,8]. Substituting into (27), yields 
 

                [ ] [ ]TQ
AA

AATS 00
2221

1211 =













−−

−−

                                                              (34) 

 

where 11

−
A , 12

−
A  , 21

−
A  and 22

−
A  are compatible partitioning of matrix A . Equation (34) 

may be rewritten as 
 

                 [ ]QTASTAST 02221 =




 −−
                                                                  (35) 

So, if   

                   021 =
−
AST                                                                                                (36) 

Then,  

                   1
22

−
−

= TASTQ                                                                                          (37) 
 
Now, the robust control may have the following form 
 

                  ( ) [ ])sgn(1 σβσ VSCBur +−= −
                                                               (38) 

 

where [ ]mvvvdiagV ......,0 21=>β  and )sgn(σ  is a vector with 

components 1)sgn( =iσ  if 0>iσ  and 1)sgn( −=iσ  if 0<iσ . The components of 

V  is chosen as 
 

                     ( )∑
=

=
m

k
kiki SCBv

1

δ                                                                                (39) 
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where •  indicate the absolute value of • . Therefore, the control vector becomes 
 

                  ( ) ( ) [ ])sgn(11 σβσ VSCBGySCBu +−−= −−
                                         (40) 

 

Lemma: 
    The control vector represented by (40) satisfies the reachability condition (24). 
 

Proof:  
Using (4), (24) and (40), yields 

        ( ) ( ) ( ){ }σδβσσσσ sgnVSCBGyxSCATT −+−−=
•

 

        ( ) ( ){ }σδβσσ sgnVSCBT −+−=  

                 ( ) ( )σσδσσβσ sgnVSCB TTT −+−=  
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This completes the proof.                                                                                      �  
 

5.  ILLUSTRATIVE  EXAMPLES 
 

    The following examples illustrate the reliability and the practicality of the suggested 
design procedure. 
 

Example 1: 
  Consider a system with the following matrices 
 

              
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1
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Clearly, CB has full column rank and the triple (A, B, C) has transmission zero at 1− . 
So, one arbitrary eigenvalue is chosen at –10. Using the pole placement method, the 
matrix N and E  are 
 

                   [ ]6.00=N ,  







=

6.10

6.00
E  

 

Choosing [ ]29=F , then [ ]7123.22329.7 −=S , 

[ ]0822.185479.320.0 −=H  and ]0[ 32×=W , then condition (32) is satisfied. 

Using (29), yields  
 

                                  [ ]5479.324658.14−=Q     
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It should be noted that condition (36) is also satisfied and the same Q  matrix can be 

obtained by using (37). The time response of outputs 1y  and 2y  to an initial condition  

[ ]5.08.09.0 −− , 30=β  and )10sin(1.03.0 t+=δ , is shown in Fig. 1. Also, 
the corresponding switching function and the control signal are shown in  Fig. 2. 

 
Fig. 1: Output response. 

 
 

Fig. 2: Switching function and control signal. 
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Example 2: 
 

  Consider a system with the following matrices 
 

   




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







−=





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



−
−

−
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=
0.00.00.10.0

0.10.10.00.0

0.10.10.00.0

,

0.1

0.0

0.0

0.0

,

1.08.00.10.0

0.00.20.10.0

1.08.00.20.0

0.10.10.28.1

CBA  

 

Obviously, rank(CB)=1 and (A,B,C) has one transmission zero equals -1.8. So, 
choosing two arbitrary eigenvalues at -3 and -4 and using pole placement method, we 
get 

               [ ]
















−
==

0.00.10.0

0.290.300.0

0.270.300.0

;0.280.300.0 EN  

 

Choosing [ ]0.30.20.9=F ,we get [ ],4913.40211.21708.2 −=S   

[ ]4342.06709.4641.40.0 −−=H   and [ ]430 ×=W , and then condition (32) is 

satisfied. Using (29), yields 
 

               [ ]641.45526.21184.2 −−=Q  
 

Also, it should be noted that condition (36) is satisfied and the same Q  matrix can be 

obtained by using (37). Letting the initial condition be[ ]3.05.04.09.0 − , 

)10sin(5.01.0 t+=δ  and choosing 15=β , the time response of the outputs, 

321, yandyy  is shown in Fig. 3. Also, the switching function and the control signal is 

shown in Fig. 4. 

 
Fig. 3: Output response. 
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Fig. 4: Switching function and control signal. 
 

 
6. CONCLUSIONS 

 

    In this paper a sliding mode controller which requires only output information for a 
class of uncertain linear system is designed. Switching surface matrix is determined 
such that the system exhibits desired performance on sliding by using system 
transformation and pole placemen method. The suggested controller comprises both 
equivalent and robust components. These components are obtained such that the 
system stability is guaranteed. Existence conditions for switching surface design and 
output feedback implementation are given. Illustrative numerical examples were 
included to show that the suggested method is indeed effective and straightforward.  
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