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Ordinary Kriging (OK) and Indicator Kriging (IK) techniques were used 

in conjunction with Geographic Information System (GIS) to understand 

the spatial distribution and variation of the P2O5% and phosphate 

thickness at Hagraria district, Egypt. The aim is to aid mining engineers 

in identifying the best areas that have high and low values of P2O5% with 

their associated thickness in order to manage the extraction scheme. This 

paper illustrates how the kriging results can be interpreted easily when 

they are integrated with other geological and mining data using suitable 

Geographic Information System. Both OK and IK were examined with the 

available data from the study area to estimate the two variables affecting 

the quantity and quality of phosphate; Additional information such as 

geological feature, boundaries of the area and sampling locations were 

integrated with the Kriging results and a GIS software (ARC/GIS 9.0) has 

been used to create contour and sensitivity  maps that delineate the 

relative magnitudes of the measurements recorded at the study area, so a 

better management of the phosphate extraction could be planned. 

KEYWORDS: Ordinary Kriging, Indicator Kriging, Hagaria, P2O5%, 

GIS. 
 

INTRODUCTION 

Management and planning of mining extraction requires a realistic and accurate 

estimation of ore reserves and a through understanding of the spatial distribution of the 

mineral-content of the ore in the developing site. Nowadays with the facilities provided 

from mining computer software's and application of Geostatistics techniques, the 

estimation could be as accurate as the planner aims. However, the implementation of 

these modern tools has to be done with sufficient data and in a logic way. 

Phosphate ore is one of the principal mineral products of Egypt. Hagaria 

district is located near the Nile valley at eastern Mahamid region which also consists of 

another four prospected areas that are Sharawna, Oweiniya, Mussattah Yassin, and 

Qurayat [1]. 

The Phosphate rocks is part of the vast upper Cretaceous marine phosphorite 

basin and is used extensively, mainly as a source of phosphorus for fertilizers, and for 

manufacture of phosphoric acid and other chemicals [2]. The phosphate rocks can be 

classified according to its grade as follows: poor grade P2O5 % ranges from 15 to 22, 

medium grade P2O5 % ranges from 22 to 27, and rich grade P2O5% greater than 27 [3]. 
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Thus, identifying the geographic distribution of P2O5 % is critical for mining engineers 

and would help the mining designer or decision maker to select the mining method for 

extraction and production control. 
 

REVIEW OF KRIGING TECHNIQUE APPLICATIONS 

Kriging is the name given to a class of statistical techniques for optimal spatial 

prediction. It was originally developed in 1959 in meteorology, but in 1963 was 

adapted to the mining industry to assist engineers with making mines more profitable 

decisions. Since then, it has been adopted in many disciplines, including geology, 

agriculture, and the environmental sciences [4]. 

The following section demonstrates some literature review of the most recent 

applications of kriging in mining and some other related fields. 

Indicator Kriging method was used for estimating the grade in the strongly 

skewed gold distribution at Perth, Western Australia. Two indicator kriged estimates 

were prepared, one using deciles thresholds (the IK1 estimate) and another using 

modified thresholds (the IK2 estimate). The IK1 estimates, which used grade 

thresholds based on the de-clustered sample deciles, was a poor estimator [5]. Simple 

kriging (SK) with varying local means; kriging with an external drift; and collocated 

co-kriging were used for incorporating a digital elevation model into the spatial 

prediction of rainfall: The techniques are illustrated using annual and monthly rainfall 

observations measured at 36 climatic stations in a 5000 km
2
 region of Portugal [6]. 

Local linear regression (LR), inverse distance weighting (IDW), ordinary 

kriging, simple kriging with a locally varying mean (SKlm) and kriging with an 

external drift were used to predict NO2 diffusion from point data, collected as part of 

the United Kingdom, SKlm provided the most accurate predictions based on the 

summary statistics of prediction errors from cross-validation [7]. 

Ordinary Kriging (OK) and lognormal kriging (LK) were used to map the 

spatial patterns of heavy metals and disjunctive Kriging (DK)was used to quantify the 

probability of heavy metal concentrations higher than their guide value, while Co-

kriging method was used to minimize the sampling density for Cu, Zn and Cr [8]. 

Two dimensional kriging and co-kriging cross validation grade estimation 

results of the sample points were compared by using the data taken from Küre copper 

mine in Turkey and noted that the co-kriging technique estimates the variable with 

lower value variance than the ordinary kriging. Moreover, the co-kriging estimation 

variance decreases as the block dimension increases [9]. 

Kriging method was used to interpolate the content of feldspar in the entire 

granite deposit in order to characterize the saleable feldspar in a granite deposit, and 

they used the same method to calculate the quantity of feldspar [10]. 

The results of inverse distance, ordinary kriging and median indicator kriging 

estimation were compared in the iron ore deposit that includes examination of local 

estimates and data distributions and showed that, the kriging methods have improved 

the estimation compared with the inverse distance method, in the block data 

distributions and the pattern of local estimates. The median indicator kriging method is 

considered to provide a better way of estimating an element with a bimodal or strongly 

skewed distribution. Outlying assay values have less influence when using the median 

indicator kriging method [11]. Universal kriging was used to create the probabilistic 
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map of carbon monoxide concentration (ppm) as one of air pollutants [12]. Universal 

kriging and disjunctive Kriging were used to map the soil contamination and the 

probability of exceeding of the upper permissible level [4]. 

An example of integrated kriging technique and GIS is found in the work done 

by Diodato and Ceccarelli (2004) [13], they used multivariate geostatistical technique 

of indicator kriging to detect and classify macro zones according to their tendency to 

soil degradation. Geographical Information System (GIS) is used to delineate the areas 

suited to soil degradation maps. 

Geographical Information System technology was used as a data management 

platform and three different interpolation techniques; spline, inverse distance weighted 

and kriging were used to visualize the spatial distribution of rainfall data in space and 

time in order to estimate storm characteristics from rainfall observations obtained by 

any number of rain gages [14]. A combination of geologic and GIS models has been 

used to analyze the sample data to estimate tonnages and qualities of the coal beds 

[15]. 

The main objective of this paper is to interpolate P2O5% and thickness at an 

un-sampled location based on surrounding measurements, and then plot these 

magnitudes on prediction maps to determine the best area that can start with it. In order 

to do this, Ordinary and indicator kriging were used for grade estimation at the mining 

area of Hagaria, and GIS was used to enhance the characterisation and display of 

resulting maps together with the other data. 
 

PRINCIPLES AND METHODOLOGY 

Kriging is one of the techniques employed to analyse continuous data and is defined as 

"interpolation with geostatistics" (Burrough and McDonnell 1998) [16]. Interpolation 

by Kriging is widely accepted by statisticians and scientists because the process is 

grounded on theory. 

Many Kriging techniques exist and become available through much software's 

such as; GSLIB, Geostat, ArcView, ArcInfo, Surfer and many others. It is beyond the 

scope of this paper to explain the different kriging techniques however; the following 

are the main principles of the two types that are used in this research. 
 

Ordinary Kriging (OK) 

In Ordinary Kriging, points are interpolated using local mean values and prediction 

weights are based on the fitted variograms model. Ordinary Kriging assumes that the 

mean is known or that the data have been de-trended. The estimation variance is: 
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Where, 
2

E
 is the estimation variance, E is the estimation error, Z

*
(X0) is the 

estimated value at location X0, Z(X0) is the true value,  γ (X0 - X0)  is the variogram, 

(ωα & ωβ) are the weights and (Xα & Xβ) are the neighboured samples. 
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By minimizing the estimation variance with the constraint on the weights, the 

ordinary kriging system is obtained: 
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Where the 
OK


  are weights to be assigned to the data values and where 

OK
  

is the Lagrange parameter. The left hand side of the system describes the dissimilarities 

between the data points, while the right hand shows the dissimilarities between each 

data point and the estimation point X0. 

Performing the matrix multiplication, the ordinary kriging system can be 

rewritten in the form: 
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The estimation variance of ordinary kriging is 
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Ordinary kriging is an exact interpolator in the sense that if X0 is identical with 

a data location then the estimated value is identical with the data value at that point  
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XZXZ    if  X0= Xα       (6) 

 

(Including
OK

 ) equal to zero is a solution of the system. As the left hand matrix is not 

singular, this is the only solution [17]. 
 

Indicator Kriging (IK) 

IK uses thresholds to create binary data (0 or 1 values), and then uses ordinary kriging 

to make spatial predictions based on the indicator data. Predictions using indicator 

kriging are interpreted as the probability of exceeding the specified threshold [12]. IK 

works as follows. 

A series of cut off values (COV) are chosen which are spread through the data 

values so that they cut the data into a number of groups with ascending values. For 

example, if the data cover a range of 200 to 1000, COV may be set at 300, 400, 500, 

600, 700, 800 and 900, to give 8 groups. The COV need not rise in equal increments. 

Taking the lowest COV, all data above this receive an indicator value of zero, and 

those with values equal to or less than the COV receive indicator value of unity, viz.: 
 

1)( xZ
IK

          if Z(x) ≤ COVk       (7) 
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  ZIK(x) = 0          if Z(x) > COVk      (8) 
 

Where: ZIK(x) is the indicator value of the raw data value Z(x) at location x. 
 

IK is obviously useful for tackling the same problem as Lognormal Kriging 

(LK) (that is used with highly skewed data), i.e. where the occasional high value 

occurs in a small set of data [18]. 
 

Cross-validation 

To check the suitability of model, cross validation is used. Cross-validation gives an 

idea of how well the model predicts the unknown values. For all points, cross 

validation sequentially omits a point, predicts its value using the rest of the data, and 

then compares the measured with predicted values. The best model is the one that has 

the mean error nearest to zero, the smallest root-mean-squared error, the average 

standard error nearest the root-mean-squared error, and the standardized root-mean 

squared error nearest to one [19]. 

Summary statistics can be made by comparing the predicted value to the actual 

value from cross validation. 

1- Mean error 

The equation of mean error is the following: 
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Where:  ME is the mean error, 

 Z(xi)p is the predicted value of the sample, 

 Z(xi)m is the measured value of the same sample, 

 N is the number of samples. 

2- Root mean squared error 

It is derived by squaring the differences between known and unknown points 

(measured & predicted), adding those together, dividing that by the number of points, 

and then taking the square root of that result. 

Its formula is given by, 
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3- Average standard error 

The standard error is derived by squaring the estimation variances, adding them, 

dividing by the number of points, and then taking the square root of that result. 

The equation for the standard error of the predicted value is: 
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4- Mean standardized error 

Its formula is given by, 
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5- Standardized root mean square error 

It is derived by squaring the standardized errors, adding them, dividing that by the 

number of points, and then taking the square root of that result. 

Its formula is given by, 
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THE STUDY AREA 

The study area is Hagaria locality (Figure 1) which is one of five regions in Eastern 

Mahamid area. This area lies along the right bank of the Nile, to the south of Qena and 

Luxor, between towns of Esna and Idfu. It is bounded by coordinates latitudes (25
0 
05΄ 

and 25
0 
15΄ N) and longitudes (32

0 
32΄ and 33

0 
00΄ E). 

Hagaria locality has an area about 23.38 km
2
. El-Mahamid deposit is mainly 

confined to the Upper Cretaceous marine sediments distributed in both the Eastern and 

Western sides of the Nile Valley. The overlaying Paleocene sediments form the 

topographic highs, which limit the eastern area from the north and north-west. The 

Upper Cretaceous sediments are subdivided into two formations, which are, from 

bottom to top, the Duwi and Dakhla Formations. 

 

 
 

Figure 1: El Mahamid map (E.G.S.A, 1991 [20]). 
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The Duwi Formation (Campanian stage) is lithologically subdivided into two 

sub-formations namely, the Variegated Shales sub-formation (Cr2VS) and the 

phosphorite sub-formation (Cr2Ph). The important sub-formation is the last one 

(Cr2Ph), which is subdivided into three members, namely the lower productive 

carbonate-phosphorite member (Cr2 Ph1), middle phosphorite-clayey member (Cr2 Ph2) 

and upper phosphorite-clayey member (Cr2 Ph3). The lower productive carbonate-

phosphorite member (Cr2 Ph1), which includes commercial phosphorite beds, is the 

main object of the investigations carried out in the area. The Dakhla Formation 

(Maestrichtian stage) does not contain phosphorite intercalation or poor phosphatic 

marl and limestone [1]. 

Before conducting any Kriging application, the geological maps of the deposit 

formation and main structure features such as faults, boundaries and location of the 

sampling points were collected and fed to the geographic information system as 

separate layers. Then both OK and IK techniques have been implemented to krige the 

two variables under study, P2O5% and thickness of the deposit. Figure 2 illustrates 

these maps [21]. 

 

 

 

b. Hagaria boundaries 

 
 

c. Sampling points 

 
d. Faults 

 
e. Duwi formation 

Scale:  
 

Figure 2: Different maps representing the input layers to GIS system at Hagaria. 
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RESULTS AND DISCUSSIONS 

Hundred forty-four samples were collected from different locations in Hagaria area, in 

order to study and map the spatial distribution of P2O5 % and thickness, X, Y thickness 

and P2O5%, were recorded at each sampling point. Figure 3 shows the positions of the 

selected samples. 
 

 

Figure 3: Distribution of the 144 sampling points in Hagaria area. 
 
 

Descriptive Statistics of P2O5 % 

This variable has significant effect on the decision maker because it is the most vital 

component in phosphate industry. The histogram shown in Figure 4.a indicates that 

the data is uni-modal (one hump) and fairly symmetric. It appears to be close to a 

normal distribution. As a quick check, if the mean and the median are approximately of 

the same value, one piece of evidence that the data may be normally distributed. 

Figure (4.b) shows that data have no clear trend. These figures decide that OK is the 

most suitable method for this variable. Table (1) gives the summary statistics of the 

data sets for P2O5 %. 
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(a) Histogram 

 

(b) Trend analysis 

 

Figure 4: Summary data analysis of P2O5 %. 

 

Table 1: Summary statistics of P2O5 % in Hagaria area 

Statistical 

Parameter 
∑ Min. Max. Mean Std Skw Kts Median 

Raw Data 144 11.28 231.1 22.36 4.217 -0.311 2.901 22.75 

 

 

Geostatistical Analysis 

Figure 5 presents the semivariogram and fitted model for P2O5 %, and the attributes of 

the semivariogram for P2O5 % were summarized in Table 2. 

 

 

Figure 5: The semivariogram and fitted model of P2O5 %. 
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Table 2: Best fitted semivariogram model of P2O5 %. 

Parameters of variograms Value 
Type Spherical 

Direction Global 

Range, m 1187.5 

Nugget effect (C0) 10.96 

Sill (C) 6.28 

Lag size 270 

Number of Lags 12 

 

Where, the best model is the one that has the standardized mean nearest to 

zero, the smallest root-mean-squared prediction error, the average standard error 

nearest the root-mean-squared prediction error, and the standardized root-mean-

squared prediction error nearest to one, therefore, The spherical model realizes all 

goals of validation of variogram as shown in Table 2. Therefore; it was selected to 

represent the data. The prediction errors of the ordinary kriging estimates are given in 

Table 3. 

 

Table 3: Prediction errors of Ordinary Kriging 

Prediction error Value 

Mean 0.0013 

Root–mean-square 3.48 

Average standard error 3.91 

Mean standardized 0.0014 

Root-mean-square standardizes 0.894 

 

The value of mean prediction error (0.0013) being close to zero indicates that 

the predicted values are unbiased. Similar information is provided by the mean 

standardized prediction error (0.0014). Also, the average standard error (3.91) is 

nearest to the root-mean-square of prediction errors (3.48). This shows that our model 

slightly over-estimates the variability of P2O5 %. The root-mean square prediction error 

(or kriging standard deviation) is a measure of the error that occurs when predicting 

data from point observations and provides the means for deriving confidence intervals 

for the predictions. Finally, the root-mean-square standardized (0.894) prediction error 

is very close to one, and thus corresponds to a very good fit between the point 

estimates of P2O5 % and the geostatistical model using Ordinary Kriging. 

Figure 6 illustrates the prediction map that introduces regions with different 

grades of P2O5 % by using Ordinary Kriging. The northern part of Hagaria has high 

different grades, which are (25 - 31.1) and (22 - 25) P2O5 %, except a small portion in 

the east. The southern part has relatively medium percent (18 to 22) P2O5 %, the edge 

in the north-west part on the left of fault is a similar southern part. The yellow colours 

represent the low grade, which is (11.28-18) P2O5 %, this percent can not be exploited 

in the phosphate industry, unless it is blended with other ores of higher grades. 
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Figure 6: Prediction map of P2O5 % of Hagaria ZONE using OK. 

 

2- Descriptive Statistics of Thickness (t, m) 

In this case, the 144 samples of Hagaria area, in order to study and map the spatial 

distribution of (t, m), were recorded at each sampling point, and the following is the 

results of the summary statistics analysis. 

 

 
 

Figure 6: Histogram of data analysis of the thickness (t, m). 
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The histogram of the thicknesses data has been performed and Figure 7 shows 

positive skewed distribution; the most appropriate system of interpolation is Indicator 

Kriging (IK). Table 4 gives the summary statistics of the data sets for the thickness. 

 
Table 4: Summary statistics of the thickness (t, m) in Hagaria area 

Statistical Parameter ∑ Mi Mx Mn Std Skw Kts Md 

Raw Data 144 0.15 2.05 0.637 0.379 1.39 4.69 0.55 

 

Geostatistical Analysis 
Spherical model is the best model to fit the data; this is derived from the statistical 

parameters of cross validation as shown in Table 5. 
 

Table 5: Prediction errors of Indicator Kriging 

Prediction error Value 

Mean 0.000576 

Root–mean-square 0.4355 

Average standard error 0.4393 

Mean standardized 0.00356 

Root-mean-square standardizes 0.986 

 

Figure 8 presents the semivariogram and fitted model for (t, m), and the 

attributes of the semivariogram for (t, m) are summarized in Table 6. 

 

Figure 8: The semivariogram and fitted model of (t, m). 

 

Table 6: Best fitted semivariogram model of (t, m). 

Parameters of variogram Value 

Type Spherical 

Direction Global 

Range, m 1104 

Nugget effect (C0) 0.109 

Sill (C) 0.135 

Lag size 150 

Number of Lags 15 
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Maps have been posted by GIS as shown in Figure 9; from this figure, one can 

conclude that the left side of the northern part has high thickness beside the fault and 

the small region in the north-east of area, save for the other places have low thickness 

relatively. The lowest thickness is represented with yellow colour. 

 

Figure 9: Prediction map of thickness of Hagaria ZONE. 

 

CONCLUSIONS 

An integrated methodology using kriging and GIS has been introduced and 

implemented over part of El Mahamid area (Hagaria area) to demonstrate the 

possibility of using the methodology in mapping the spatial distribution of P2O5 % and 

thickness at certain mining area. IK and IK were used to differentiate between the areas 

with economical mining grades of phosphate and poor ones. In addition, GIS was used 

to support the visualization of the results and add more information to the kriged 

results. From the prediction maps of P2O5 % and thickness can conclude that the left 

side of the northern part has high P2O5 % and high thickness, therefore the mining 

engineer start with this economical part at extraction operation. 
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 الجغرافية تونظم المعلوما استخدام الكريجنج
 ،مصرحجاريةالفوسفات بمنطقة الدار  استخرا  إل

 

م خامرررالمع ف ترررفالم خايرررلمت  يررر مع  تررربلمع مد يرررلم خرررام م  تررري مع ف ترررف همع فهعغررر يعتبرررهم ارررزمع ت  يررر م
ع تر متتررام مما رر  مع تعرر يوممدررممتن يرر م مررا ومع منترر  مم  رل  متررم مةباررلمع ف تررفالممرروم لررزمع ع عمرر 

يم  ررتمت هيررتم عة عه ممثبنيررم  ررل  معامررا وملعلمع تررم مع عررا  م ع مرر خفضم،ضع معرر   مع عررا  م ع مرر خف
مب هاح.معالتتخهعجممديالم

مع عرا  م ع  ررهيه  ممرومةرهامعصنيرالمع هي  ر ه م لر ميع  رهيه  متيوةرهيامعترتخ عزتت را  ملرلامع  هعترلم
 ل رر م دنيرر  مم،ب  ررل  مع تررم ممدرر مع تهتيررمع مؤشررهيم تن يرر م مررا ومع ته يرر علمع مختدفررلممررومع ف تررفال

 لرزم   ضر معامرا ومع تر ميضرعاامما ر  معصترتخهعجم ر معا   يرلمبا  تربلم رتممخهعدةمم ضر ممدياراممد 
مررومةهيررامخدررةمع  ترربمع عا يررلمبا  ترربمميم  ررتمع نيرر  ممدرر مخررازمعقتيررا  مالقيرر م ترره ممم  ررلبنيررثم

 رر ع م رلعلمال امرام  تربمعاع  رهيهي  مباع م خفضرلم تربيام ل رلع.م قر مترزمعختيراهملرليومع  رر ميوممرومةرهام
ختبرراهممرر  ميرر نيلمالمcross validationبا  ترربلم دبيا ررالمع متررتخ ململ ررامنيررثمعتررتخ ملمةهياررلم

مع  م لجمع مختاه.
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مي رلم)ترزمم411ميره منيرثمعترتخ ملمم-)ع منامير مع شرهقيلمع نهاهيرلع  هعترلممدرممم ةارلممللام  ههيل
مP2O5% يل ممعد مرلمعصنر عثيالم ع منتر  مع معر   ممرومع ني  ممديااممومليدلمع ثه  مع مع  يلمع ميرهم

ع يررا  ممعالقتيررا  ع نرر مع تعرر ي  ملرر ممع ايمررلمع  ترريةلم رر منا ررلمع  ررهيه  مع مؤشررهم ع تررم ،م عمتبررهل
م.  تتخهعج
 مر مقامر  مبيا رالم معد مرالمهيهع يرلمميريه م مر لام متني ممديااممومع  هيهي   تاد مع ت بؤمعمتزم م 

م ضر ممر    مبخهيةرلمهي   هيرلممARC/GIS 9.0م ةالمع  هعتلمباترتخ عزمبه رام ممع بانث ومموم ف 
بنيرررثميرررتزم هعترررلممررر  مم، مرررا وم خرررلمع عي رررالم ع تهع يررربمع هي   هيرررلمع اامرررلمبا م ةارررلممثررر مع ف ع رررامديارررام

م%مظرر علهممعرراممررومخرر  مع  ظررازمع معد مررات مع معرر .م  م ررومع نيرر  ممدررممشرر  مت  يرر مع  ترربمع مختدفررل
P2O5م مومخ  ممدممخهيةلم دم ةالم  مه لمم اام بأ  عوممختدفلمت ض مع تبايوم  مع ت  ي  ع تم م،م،
 تمينت  مإانيلمع شما يلم دم ةالمنيثم ي متبيوم وم لزمه لم  مع م ةالمل مع ه لمعايتهممومع  للعمع ت م

 رر معا   يررلممدرر م مدرر م ترربم خررام م  ترري مع ف تررف هم  ررل  م  بررهمتررم م با تررا  مي ضرر ملررلعمع هرر لم
  ل  مما   مع تهاي مع ل ميتم ومبإههعلمممديالمع خدرةم ع تهاير مع مختدفرلمبا  تبلم ما   معالتتخهعجم

م.مومعالتتفا  مبأغدبمع م اةامع م ه   
مث مللامع خهعدةمت فميتام مما   مع تع يوممد معتخالمع اهعهعلمع تديملمع مؤ يرلمإ رممتنايراممإم ع إوم

،مبنيثم ا زمي ه ملمع هيهع يلم بيومع  هيه   با تا  م ا مهبة امبيوم ظزمع معد مامع م اتبمعالقتيا يل,
ممت امدلم م ةالمع  هعتلمبتتاي لم  ض .
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