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The shear strength parameters play an important role in many practices 

for geotechnical engineering. To determine the real values of these 

parameters requires undisturbed samples and that is difficult for 

cohesionless soil. So, prediction of shear strength parameter such as angle 

of internal friction in the case of cohesionless soil with the help of grain-

size distribution provides a good opportunity to obtain this parameter 

without using of more laboratory tests.  The grain-size distribution is 

commonly used for soil classification, design of filters, and ….etc. This 

study was undertaken in order to quantify the variation of the values of 

angle of internal friction due to variation of contents of sand soil between 

fine, medium, coarse sand, or mixtures from some or all of these types. 

Many types of sand soil have been investigated for this purpose. Shear box 

tests were conducted using samples of different dry densities. This paper 

proposed new empirical equations and curves to predict the angle of 

internal friction for sand soil using the grain-size distribution curve.  

KEYWORDS: Grain-size distribution, Shear strength parameters, Angle 

of internal friction, Sieve analysis, Density, Sand. 

 

1.  INTRODUCTION 

The grain-size distribution is a simple, yet informative test routinely performed in soil 

mechanics. It is commonly used for soil classification; however there is also potential 

to use the grain-size distribution as a basis for estimating soil behavior. For example, 

much emphasis has recently been placed on the estimation of the soil-water 

characteristic curve. Theoretically representing the grain-size distribution provides 

several benefits. First, the soil may be classified using the best-fit parameters. Second, 

the mathematical equation can be used as a basis for analysis related to estimating the 

soil-water characteristic curve. Third, a mathematical equation can provide a method of 

representing the entire curve between measured data points, fredlund et al. [1]. 

Numerous methods have been developed for determination the angle of internal 

friction. These methods include the field and laboratory tests. Also, to determine the 

real value of angle of internal friction (φ), special techniques should be followed such 

as undisturbed samples and this is difficult for cohesionless soil, type of shear strength 

test, and initial overburden pressures should be taken into consideration. On the other 

hand, only the grain-size distribution curve does not depend on undisturbed sample. 

The interpretation of the grain-size distribution is typically carried out manually and 

mechanically. Further details concerning the testing procedure of the sieve analysis test 



Mostafa Abdou Abd El-Naiem 
_________________________________________________________________________________________________________________________________________________________ 
570 

are provided by many references related to soil mechanics and as mentioned in the 

Egyptian code of soil mechanics and foundations design [2]. There are three general 

categories of grain-size distributions well-graded, uniform, and gap-graded. The grain-

size distribution curve provides information on the distribution of the solid phase of the 

soil. Since the solids plus the voids add up to the total soil volume, it is to be expected 

that the distribution of the solids phase (i.e., grain-size distribution) would tend to bear 

an inverse relationship to the distribution of voids and vice versa [1]. The relation 

between solids and voids can be represented by dry density which can be determined in 

the field. In spite of difficulties obtaining undisturbed sample from sand soil, but Pralle 

et al. [3] stated that conventional sampling methods fail to produce undisturbed 

samples from loose sands below groundwater level. However, the soil-freezing method 

has proven to cause the least disturbance possible in such soils. Although freezing soil 

does not maintain the sample in its original state of stress, structure and texture are well 

preserved under the premise that the soil has been subjected to the least possible 

disturbance during installation of the necessary equipments.  

This study was undertaken in order to quantify the variation of the values of 

angle of internal friction due to variation of content of sand soil between fine, medium, 

coarse sand, or combination from all of these. Shear box tests were conducted using 

samples of different dry densities as used by Hamdy [5]. Also, this paper proposed a 

new method to identify the angle of internal friction (φ) for sand soil using grain-size 

distribution curve. Many types of sand soil have been investigated for this purpose. 

 

2. EXPERIMENTAL WORK 

In the present study, seven specimens of sand with different grain-size distribution 

have been studied. To carry out the sieve analysis test, the sand soil was washed on 

sieve has opening of 0.063 mm to make sure that its do not include any percentage of 

fine soil. To determine the angle of internal friction (φ), a direct shear box test was 

used. According to the procedure of the test, there are three different tests 

Unconsolidated-undrainded test, Consolidated-undrained test, and Consolidated-

drained test. Bowles (1986) mentioned that for cohesionless soil, all three of the above 

tests will give the same results, whether the sample is saturated or unsaturated and, of 

course, if the shearing rate is not extremely rapid [4].  
 

2.1. Soil Description and its Properties 

The used soil for the tests is sand with different types. Seven specimens of sand with 

different grain-size distribution have been chosen and denoted as sand I, II, III, IV, V, 

VI, and sand VII. The sieve analysis tests were carried out to determine the grain size 

distribution curve of the tested sand soils as shown in Figures 1 and 2. The properties 

of the used sand soils such as effective diameter (D10) and D30, D50, D60, D85 uniformity 

coefficient (Uc), and coefficient of curvature (Cc) are tabulated in Table 1. It can be 

found that sand I, sand II, and sand III are approximately coarse, medium, and fine 

sand, respectively. Whereas, sand IV, sand V, sand VI and sand VII are consist of the 

three types of sand with different ratios as shown in Figure 2. The contents of the used 

sand soil, (fine, medium, and coarse), in all specimens are tabulated as shown in Table 

2.  
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Figure 1.  Grain-size distribution curves for the tested sand soils I, II, III 
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Figure 2.  Grain-size distribution curves for the tested sand soils IV, V, VI, VII 
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Table 1. Properties of the used sand soils 
 

Specimen 
D10 

(mm) 

D30 

(mm) 
D50 

(mm) 
D60 

(mm) 
D85 

(mm) 
Uc Cc 

Sand I 0.51 0.71 1.0 1.14 1.56 2.0 0.78 

Sand II 0.28 0.35 0.41 0.44 0.49 1.57 1.0 

Sand III 0.064 0.071 0.1 0.13 0.2 2.03 0.61 

Sand IV 0.072 0.24 0.5 0.62 1.32 8.61 1.29 

Sand V 0.072 0.24 0.4 0.44 0.6 6.11 1.82 

Sand VI 0.066 0.16 0.23 0.44 0.9 6.67 0.88 

Sand VII 0.065 0.13 0.32 0.37 1.0 5.69 0.7 
 

Where              
 

2

60

10 60 10

30
U and Cc c

DD

D D D
 


           (1) 

 

Table 2. Contents of the used sand soils 
 

Specimen 
Percentage of different types of sand (%) 

Fine sand  Medium sand  Coarse sand  

Sand I 85 15 0 

Sand II 0 100 0 

Sand III 0 15 85 

Sand IV 25 31 44 

Sand V 24 62 14 

Sand VI 43 36 21 

Sand VII 27 48 25 

 

2.2. Study Cases 

There are seven different sand soils are obtained to determine the angle of internal 

friction. Three different values of dry density (γd) for each type of sand soils, 1.5, 1.6, 

and 1.7 gm/cm
3
 were used. All tests were carried out according to the Egyptian code of 

soil mechanics and foundations design [2]. The tests can be carried out mechanically or 

manually. To obtain any certain value of dry density, the sand is placed into a shear 

box having a known volume by a specific designed weight.  

 

3.  ANALYSIS OF RESULTS AND DISCUSSIONS   

In the following sections, the results obtained from experimental tests are presented 

and discussed. Three groups of tests for three values of dry density (γd = 1.5, 1.6, and 

1.7 gm/cm
3
) were performed. Each group includes the tests required to determine the 

angle of internal friction (φ) for seven different types of sand soils as mentioned before.  

The results obtained from all tests are tabulated in Table 3. This table includes average 

diameter Dav and values of angle of internal friction (φ) for seven different types of 

sand soils and three groups having three previous values of dry density.   
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Table 3. Values of average diameter and test results 
 

Specimen 
Dav 

(mm) 

Values of angle of internal friction (φ)
o
 

Group I 

γd = 1.5  

(gm/cm
3
) 

Group II 

γd = 1.6 

(gm/cm
3
) 

Group III 

γd = 1.7 

(gm/cm
3
) 

Sand I 0.996 40.56 43.46 45.85 

Sand II 0.394 36.36 40.25 46.60 

Sand III 0.113 33.53 37.04 40.24 

Sand IV 0.55 34.62 38.36 39.62 

Sand V 0.35 33.16 38.03 40.24 

Sand VI 0.36 33.16 39.94 42.89 

Sand VII 0.377 32.42 39.32 44.00 

 

      Where                 10 30 50 60 85

5av
D D D D D

D
   

               (2) 

 

3.1. Angle of internal friction versus dry density 

Figures 3 and 4 show the relationships between dry density of sand and the angle of 

internal friction (φ) for different types of sand soils.  
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Figure 3.  Angle of internal friction versus dry density for sand soils I, II, and III. 

 
 

From Figure 3, it can be noticed that the angle of internal friction increases as 

dry density increases. Also, it can be found that by increasing the particle size the angle 

of internal friction increases too and this clear in sand I which consists of coarse sand, 

whereas, sand II and sand III consist of medium and fine sand, respectively and that is 

for the same type of sand also.      
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Figure 4. Angle of internal friction versus dry density for sand soils IV, V, VI, and VII. 

 

From Figure 4, it can be noticed that the angle of internal friction increases as 

dry density increases. Also, it can be found that, in the case of dry density equal to 1.5 

gm/cm
3
, by increasing the percentage of coarse sand the angle of internal friction 

increases too and this clear in sand IV which approximately consists of 44% from 

coarse sand, whereas, sand V, sand VI and sand VII consist of high percentage from 

medium and fine sand, respectively. In the case of dry density equal to 1.6 and 1.7 

gm/cm
3
, because the summation of percentages of fine and medium sand are higher 

than percentage of coarse sand, especially, in the specimens of sand V, sand VI, and 

sand VII, so, the value of angle of internal friction is higher that for sand IV. This may 

be due to the insertion of fine and medium particle in the voids of coarse sand to make 

the specimens are less voids and the friction surface increases. Also, this leads to the 

surface of shear as general shear failure. 

 

3.2. Angle of internal friction versus average diameter (Dav) 

Figures 5 and 6 show the relationships between average diameters (Dav) of sand soils 

and the angle of internal friction (φ) for different types of sand soils. Figure 5 shows 

the relationships for sand soils consist of one type of sand, (fine, medium, or coarse 

sand), such as specimens sand I, II, and III, whereas Figure 6 for sand soils consist of 

all different types fine, medium, and coarse sand with different ratios such as 

specimens sand IV, V, VI, and VII.  
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Figure 5.  Angle of internal friction versus average diameter (Dav) 

                                   for sand soils I, II, and III. 
 

From Figure 5 and Table 3, it can be noticed that, , in the case of dry density 

equal to 1.5 or 1.6 gm/cm
3
, the angle of internal friction increases as average dry 

density increases. whereas, in the case of dry density equal to 1.7 gm/cm
3
, it can be 

found that by increasing the average dry density results in increasing in the value of 

angle of internal friction until certain value of Dav equal to 0.5 mm after that a slightly 

decreasing in the value of angle of internal friction occurred. Looking for a curve in the 

case of dry density equal to 1.7 gm/cm
3
, the beginning of curve represents a fine sand 

(sand III), then up to Dav equal to 0.5 mm represents a medium sand (sand II), whereas, 

the end of curve represents coarse sand (sand I). This leads to, in the case of coarse 

sand; still the case of local shear failure is the dominant and this may be due to 

decreasing in the contact surface between solid particles in the case of coarse sand.  

From Figure 6 and Table 3, it can be found that when Dav is less than 0.37 mm 

this case represents the specimens of sand V, VI, and VII, whereas, when Dav is more 

than 0.38 mm this case represents the specimen of sand VII.  It can be noticed that, in 

the case of Dav less than 0.38 mm, for dry density = 1.5 gm/cm
3
 the angle of internal 

friction decreases as Dav increases after that it increases as Dav increases and the rate of 

increasing is small. On the other hand, for dry density = 1.6 or 1.7 gm/cm
3
 the angle of 

internal friction increase as Dav increases until Dav ≈ 0.375 mm after that it decreases as 

Dav increases; and the rate of decreasing in case of dry density = 1.7 gm/cm
3
 is more 

than that in the case of dry density = 1.6 gm/cm
3
. 
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Figure 6. Angle of internal friction versus average diameter (Dav) 
                                   for sand soils IV, V, VI, and VII. 

 

From the previous discussion it can be concluded that all types of sand (fine, 

medium, and coarse) affect on the value of angle of internal friction (φ). The effect of 

coarse sand is clear in sand specimens having low dry densities, whereas, in the case of 

sand specimens having high dry densities the effect of fine and medium sands in the 

value of angle of internal friction (φ) is more than those having low dry densities and 

this is attributed to the particles of fine and medium sands inserted to fill the voids 

between particles of coarse sand. This is clear in the case of sand specimens having dry 

density = 1.6 or 1.7 gm/cm
3 

due to increasing in the contact surface between solid 

particles in the case of specimens having all types of sand. 
 

3.3. Empirical equations to predict the angle of internal friction  

From the above test results shown in the Figures 5 and 6 and regression analysis, 

empirical equations to estimate the value of angle of internal friction (φ) for different 

cases of densities and sand specimens with different values of average diameter (Dav) 

are predicted. There are two cases of specimens as follows:  

a) Case of the specimens consist of one type of sand, (fine, medium, or coarse) 

                                              
2

1 1 1av ava b cD D                                            (3) 

where                                            1 117.65 175.76da                                              (4) 

                                               1 122.45 174.88db                                              (5) 

                                                  1 21.2 0.8dc                                                       (6) 

where Dav is the average diameter in mm and γd is the dry density in (gm/cm
3
).  
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The above equations have coefficients correlation (R
2
) range from 0.92 to 0.96, 

which are considered very good. The factors a1, b1, and c1 can also be obtained from 

curves shown in Figure 7.  
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Figure 7. Factors a1, b1, and c1 versus dry density for sand soils I, II, and III. 

 

b) Case of the specimens consist of all  types of sand, (fine, medium, and coarse) 

                                              
2

2 2 2av ava b cD D                                            (7) 

where                                           2 5054.9 7806.1da                                              (8) 

                                               2 4489.5 6929.5db                                               (9) 

                                                2 915.1 1447.4dc                                               (10)  

The above equations have coefficients correlation (R
2
) ranged between 0.99 

and 1.0, are considered very good. The factors a2, b2, and c2 can also be obtained from 

curves shown in Figure 8.  Factors 123
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Figure 8. Factors a2, b2, and c2 versus dry density for sand soils IV, V, VI and VII. 
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4. CONCLUSIONS 

The present study is concerned with the prediction of angle of internal friction for sand 

soils with the help of grain-size distribution curves. In this study, the main parameters 

were taken into consideration are slope dry density (γd) and average diameter (Dav) of 

sand soils.  

Based on the presented discussion and analysis of obtained results, the 

following main conclusions are summarized as:  

1) The angle of internal friction increases as particle size of each type of sand 

(fine, medium, or coarse) increases.  

2) The angle of internal friction increases as dry density increases and this is valid 

for all specimens of sand soil.  

3) In the case of low dry densities (near to loose state) by increasing the 

percentage of coarse sand the angle of internal friction increases too.  

4) In the case of high dry densities (near to medium or dense state) by increasing 

the summation of percentages of fine and medium sand results in an increasing 

in the angle of internal friction due to insertion of these particles between 

coarse particle to increase contact shear surface as general shear failure.  

5) In the cases of low dry densities or sand specimens consist of one type the 

angle of internal friction increases as average diameter (Dav) increases, 

whereas, in the case of high dry densities and sand specimens having all types 

of sand, it decreases as (Dav ≥ 0.37) increases.   

6) Empirical equations to predict the angle of internal friction for sand soils were 

presented as:  

a) Case of specimens consist of one type of sand, (fine, medium, or coarse) 

   
2

1 1 1av ava b cD D     

      b)  Case of specimens consist of all types of sand, (fine, medium, and coarse) 

                                              
2

2 2 2av ava b cD D       

where a1, b1, c1, a2, b2, and c2 were mentioned before.                                                                       
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 التكهن بقيمة زاوية الأحتكاك الداخلى للتربة الرملية بإستخدام 
  منحنيات التدرج الحبيبى 

 
فى حساب كثيراً من الخواص المؤثرة فى والهامة فى التطبيقات الهندسية عاملات معاملات القص من الم

معياملات  مثل حساب سعة الأرتكاز للتربة عند منسوب التأسيي  وكيكلح حسياب خواص التربةكثير من 
ييت  ججيراا التحلييل المنخليى ورسي  حيث ضغط التربة الجانبى على الحوائط الساندة والخزانات وخلافه. 

  منحنيات التدرج الحبيبى بغرض تصنيف التربة و تصمي  المرشحات و كثيراً من الأستخدامات الأخرى.
علييى القييي  الد يقيية لهييك   لتحديييد معيياملات القييص خنيياح جختبييارات القييص المعملييية والحقلييية وللحصييول

وخييكا تيتييوفر فييى كثييير ميين  المعيياملات يجييب ججييراا التجييارب الحقلييية علييى التربيية فييى حالتهييا الطبيعييية
. وبما أن تحليل التربة ورس  منحنى التدرج الحبيبى لها تيحتياج اليى عينيات  يير مقلقلية و التيى الأحيان

فيى تحدييد  ليكا أمكين جسيتخدامهلتربية الرمليية ول يكون من الصعب الحصول عليها من الطبيعة خصوصياً 
ميين أنييوا  الرمييل  نييو كييل لتحديييد بعييض الكثافييات ب. وميين خييك  المنحنيييات وبعييض الخييواص الهندسييية

تيأثير كيل نيو  عليى  ت  دراسية المختلفة ما بين ناع  و متوسط وخشن و خليط من الأنوا  الثلاثة السابقة
خلية للعينات المختلفة من الرميل بسسيتخدا  ت  تعيين زوايا الأحتكاح الدا خكا و د. زاوية الأحتكاح الداخلى
زوايا الأحتكاح الداخليية للعينيات المختلفية مين الرميل ميا  يي  القطير  ت  ربط  ي وجختبار القص المباشر. 

 فة.المتوسط للأ طار الهامة المكونة للمنحنبات المناظرة لكل عينة و ت  تحديد كلح لثلاث كثافات مختل
بزييادة الكثافية الجافية. وكيكلح  و د وجد أن زاوية الأحتكاح الداخلى تيزداد بزييادة  طير الحبيبيات وكيكلح

بينهيا وتسياعد عليى  وجد أنه بوجود نسبة من الحبيبات الناعمة و المتوسطة ما الحبيبيات الخشينة تتيداخل
وفيى خيكا   ى  جنهييارالقص العيا .من حالة جنهيار القص المحليى الي التربة زيادة سطح الأنهيار و د تحول

البحييث تيي  تقييدي  معييادتت تجريبييية للييتكهن بقييي  زوايييا الأحتكيياح الداخلييية للأنييوا  المختلفيية ميين الرمييل 
 بمعلومية القطر المتوسط والكثافة الجافة للرمل.

 


