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Reduction of the thermal stresses in machine elements that are subjected 

to severe thermal loadings was achieved by developing two-dimensional 

functionally graded material, 2D-FGM. In the current investigation 

composition optimization for ZrO2/6061-T6/Ti-6Al-4V 2D-FGM, under 

severe thermal loading cycle that consists of heating followed by cooling, 

was carried out based on the minimization of temperatures, thermal and 

residual stresses to achieve more reduction of the thermal stresses. It was 

found that optimum composition based on minimum value of the 

maximum temperature for ZrO2/6061-T6/Ti-6Al-4V 2D-FGM was 

achieved for mx = 0.1 and my = 0.1. While optimum composition based on 

minimum value of the maximum normalized equivalent stresses for 

ZrO2/6061-T6/Ti-6Al-4V 2D-FGM was achieved for mx = 0.1 and my = 5, 

where mx and my are the composition variation parameters in x and y 

directions respectively.  Also, the obtained optimum composition of 

ZrO2/6061-T6/Ti-6Al-4V 2D-FGM can stands well with the adopted 

severe thermal loading without any plastic deformation or residual 

stresses where the maximum value of the normalized equivalent stresses 

during heating stage was 0.8 and the maximum value of the normalized 

equivalent stresses during cooling stage was 0.24.  
    

KEYWORDS:  Composition optimization, 2D-FGM, Nonhomogenous 

parameters, Elastic-plastic material model, Temperature dependent 

material properties, Thermal stresses, Finite element analysis. 

 

1. INTRODUCTION 

Functionally graded materials (FGMs), whose compositional gradients are designed to 

have unique properties, that are not available from a homogenous material, have great 

potential for thermal barrier applications [1-5]. FGMs overcome the drawbacks of the 

multi-layers composite plates that have been commonly used as thermal barrier [6,7], 

such as cracking.  

The temperature distributions in machine elements that are used in several 

applications such as space shuttles, nuclear reactors, aircrafts, ovens, combustion 

chambers, etc, change in two or three directions. For example, Steinberg [8] showed 

that the temperature distribution on the outer surface of new aerospace craft, when the 

plane is in sustained flight at a speed of Mach 8 and altitude of 29 km, the temperature 
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on the outer surface of such a plane ranges from 1033 K along the top of the fuselage 

to 2066 K degrees at the nose. Furthermore, this temperature level has to decay 

severely, through the thickness of the craft body, to the room temperature inside the 

craft. Such kind of aerospace craft added a new challenge to introduce and develop 

more effective high-temperature resistant materials that can withstand high-external 

temperatures that have variations in two or three directions. Thus, proper and efficient 

operation of such machine elements necessitates the use of effective high-temperature 

resistant materials. To overcome such problem Callister [9] suggested the use of 

several different thermal protection materials, which satisfy the required criteria, for a 

specific region of the space craft surface. However, this design has the same 

drawbacks of the composite layers which were overcome by using FGM [6].  

In 2003, the Colombia space shuttle was lost in a catastrophic break up due to 

outer surface insulation that fell loose when the Columbia lifted off. The physical 

cause of the loss of Columbia and its crew was a breach in the thermal protection 

system on the leading edge of the left wing, caused by a piece of insulating foam 

which separated from the left bipod ramp section of the external tank and struck the 

wing in the vicinity of the lower half of reinforced carbon-carbon panel. During re-

entry this breach in the thermal protection system allowed superheated air to penetrate 

through the leading edge insulation and progressively melt the aluminum structure of 

the left wing, resulting in a weakening of the structure until increasing aerodynamic 

forces caused loss of control, failure of the wing, and break-up of the Orbiter [10, 11]. 

Such damage to the space shuttle’s protective thermal tiles can be prevented by using 

FGMs. It is worth mentioning that conventional FGM may also not be so effective in 

the design of such advanced machine elements. This adds a new challenge to introduce 

and develop more effective high-temperature resistant materials that can stand with 

such applications. Therefore, two-dimensional functionally graded materials (2D-

FGMs) that have two-dimensional properties, which may have more effective high-

temperature resistant, were introduced.  

Many investigations [12-19] for 2D-FGMs have been carried out. 

Unfortunately, all of them have considered exponential functions for continuous 

gradation of the material properties.  The use of exponential functions for the variation 

of the material properties usually facilitates the analytical solution but don’t give real 
representation for the material properties, expect for the upper and lower surfaces of 

FGM.  Aboudi et al. [20, 21] studied response of laminated plates subjected to 

temperature change in one dimension. They found that it is possible to reduce the 

magnitude of thermal stress concentrations by a proper management of the 

microstructure of the composite.  

Cho et al. [22] have optimized the volume fractions distributions of FGM for 

relaxing the effective thermal stresses. They obtained the optimal volume fractions 

distribution in two directions. The obtained optimum volume fractions have a random 

and not practical distribution, which can not represent or simulate FGM that have 

continuous variations of the composition. Goupee and. Vel [23] proposed a 

methodology for the two-dimensional simulation and optimization of material 

composition distribution of FGM. Two-dimensional quasi-static heat conduction 

problem was analyzed using the element-free Galerkin method. They obtained spatial 
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distribution of volume fractions by piecewise bi-cubic interpolation. The obtained 

optimum volume fractions have also a random distribution.   

The concept of adding a third material constituent to the conventional FGM to 

withstand the induced severe thermal stresses was introduced by Nemat-Alla [24].  

The introduced model of 2D-FGM has continuous composition variations in two 

directions. It has three basic constituent materials, at least one of them is ceramic 

material while the remainder are metallic materials. The rules of mixture and the 

volume fractions relations were introduced. Comparison between the 2D-FGM and 

conventional FGM was carried out and showed that 2D-FGM has high capability in 

reducing thermal stresses than conventional FGM.  It is worth mentioning that 

temperature independent properties and elastic behavior of the FGMs have been 

considered through most of the above mentioned investigations. Therefore, realistic 

investigations of 2D-FGMs should be carried out considering the temperature 

dependent properties and elastic-plastic behavior of the 2D-FGMs.  

Recently, a new method for manufacturing of FGMs via inkjet color printing 

has been reported by Wang and Shaw [25]. According to this method Al2O3 and ZrO2 

aqueous suspensions were stabilized electrostatically and placed in different color 

reservoirs in inkjet cartridges. The volume and composition of the suspensions printed 

in droplets at a small area were controlled by the inkjet cyan–magenta–yellow– black 

color printing principle. The proposed method shows the potential for the 

manufacturing of FGMs with arbitrarily 2D and 3D composition profiles. Therefore it 

can be properly applied to manufacture the 2D-FGM model proposed by Nemat-Alla 

[24]. Nemat-Alla et al. [26] investigated the capability of     2D-FGM in standing with 

two-dimensional severe thermal loads over the conventional FGM. Temperature 

dependent material properties and elastic-plastic behavior of the 2D-FGM were 

considered. Four alternatives of FGMs are adopted namely; ZrO2/Ti­6Al­4V 

conventional FGM, ZrO2/6061-T6 conventional FGM, ZrO2/Ti­6Al­4V/ 6061-T6 2D-

FGM and ZrO2/6061-T6/Ti­6Al­4V 2D-FGM. Elastic-plastic stress analysis of the 

considered plates under the same transient thermal loading cycle was carried out. It 

was found that only ZrO2/6061-T6/Ti­6Al­4V 2D-FGM can withstand the adopted 

thermal loading without fracture. It is worth noting that a single case of the 

composition variations in x-direction, linear variation, was adopted by Nemat-Alla et 

al. [26]. 

In the current investigation it is planed to achieve more reduction of thermal 

stresses under two-dimensional severe thermal loading adopting the optimum case that 

obtained by Nemat-Alla et al. [26] which was ZrO2/6061-T6/Ti­6Al­4V 2D-FGM, that 

only  could stand with severe two-dimensional thermal loading. This can be achieved 

by the composition optimization of the adopted ZrO2/6061-T6/Ti­6Al­4V 2D-FGM. 

Composition optimization will be carried out through the variations of the 

compositions in x and y-directions by changing the values of the nonhomogenous 

parameters in x- and y-directions.  
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2. FUNCTIONALLY GRADED MATERIAL MODELING 

2.1. Volume Fractions of 2D-FGM  

The adopted ZrO2/6061-T6/Ti­6Al­4V 2D-FGM is made of continuous gradation of 

three distinct materials [24]. The composition changes from ZrO2 at the upper surface 

to 6061-T6 alloy at the lower left corner and Ti­6Al­4V at the lower right corner. The 

basic constituents of the adopted 2D-FGM plate are varied continuously in a 

predetermined composition profile according to the volume fractions distributions that 

are controlled by the nonhomogenous parameters mx and my in x and y-directions 

respectively. Therefore, nonhomogenous thermal and mechanical properties of the 

adopted 2D-FGM plate which are varied in both of thickness and width directions are 

considered.  

 

 

 

 

 

 

 

 

 

Fig. 1.  Dimensions and coordinate system of the considered 

ZrO2/6061-T6/Ti­6Al­4V 2D-FGM plate. 

The dimensions of the considered plate are; 30 mm thickness h, 300 mm width 

w and 700 mm length as shown in Fig. 1. Through the current investigation x, y and z 

coordinates coincide with the directions of the width, thickness and length of the FGM 

plates respectively. 

The volume fractions of the 2D-FGM plate at an arbitrary location (point A) 

are expressed as [24]; 
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composition variations in x and y directions respectively.  The composition of the 2D-

FGM adopted in the present analysis changes through the thickness h from 100 % 

ZrO2 at the upper surface, y = h, to a FGM of two different metals on the lower 

surface, y = 0. The FGM of two different metals at the lower surface of the plate also 

changes from 100% 6061-T6 aluminum alloy at left corner, x = 0 and y = 0, to 100% 

Ti-6Al-4V at the right corner, x = w and y = 0.  

The porosity of the 2D-FGM is defined as; 

 
xxy

m

y ppp
h

y
Ap y  )(                         (4) 

where Ay, px and  py are known functions [24].    
 

2.2. Rules of Mixtures and Temperature Dependent  
         Material Properties 

The rules of mixtures for the 2D-FGM introduced by Nemat-Alla [24] were adopted 
through the current investigations. They were used to calculate the variations of the 

material properties for the 2D-FGM plate at different values of the nonhomogenous 

parameters mx and my. Also, the thermo-mechanical properties of ZrO2, 6061-T6 

aluminum alloy and Ti-6Al-4V in [4, 5, 27, 28] were adopted during the current 

investegations.  It is noteworthy that the variations of the thermo-mechanical 

properties of 6061-T6 aluminum alloy versus temperatures are represented graphically 

in [5] and curve fitting approximations were carried out to express them in the 

formulae forms. Also, the yield stress, Y, stiffness coefficient, k, and strain hardening 

exponent, n, of 6061-T6 aluminum alloy and Ti-6A1-4V versus temperatures are 

represented graphically in [27] and curve fitting approximations were carried out to 

obtain them in formulae forms too.  
 

2.3. Elastic-Plastic Material Model 

The two mathematical material models; bi-linear and power law strain hardening are 

commonly used to represent the elastic-plastic behaviors of most of engineering 

materials. Previous studies [20, 21, 29-36] have adopted the bilinear hardening models 

for ceramic/metal FGMs to evaluate the material properties (yield stress and tangent 

modulus) using the volume fractions and rules of mixtures. The power law strain 

hardening model has been recently adopted in some studies, [37-40], for ceramic/metal 

conventional FGMs to evaluate the material properties using the volume fractions and 

rules of mixtures. All the above investigations were carried out for conventional FGM.  

Of course power law strain hardening model is more realistic in representing the 

material behavior than bilinear hardening model. The elastic-plastic models mentioned 

above can be applied for conventional FGM only. In order to use such elastic-plastic 

models for 2D-FGM it needs some mathematical treatments which are not available 

now.  Nemat-Alla et al. [26] introduce power law strain hardening model for 2D-FGM 

which will be adopted in the current investigations of ZrO2/6061-T6/Ti­6Al­4V 2D-

FGM. It is noteworthy that for the ceramic constituent material, ZrO2, the values of the 

yield strength are assigned by the values of the ultimate strength. Also, for applying 

power law stain hardening model on ZrO2 the strain hardening exponent value was 
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unity and the strength coefficient values were equal to the elastic modulus values. This 

represents the elastic behavior of ZrO2 when using power law hardening model. 

 

3.  ZrO2/6061-T6/Ti­6Al­4V 2D-FGM COMPOSITION 
OPTIMIZATION 

In the course of the current investigation a finite element model was developed in 

conjunction with an optimization algorithm to obtain an optimal compositional 

distribution for ZrO2/6061-T6/Ti­6Al­4V 2D-FGM plate. Composition optimization 

process aims at obtaining the optimal compositions for ZrO2/6061-T6/Ti­6Al­4V 2D-

FGM plate that is subjected to the given design variables and objectives. The 

optimization processes identify the distribution of the material composition within the 

design domain to minimize the thermal and residual stresses. In order to deal with the 

composition optimization of the 2D-FGM, to minimize the thermal and residual 

stresses, a normalized stress that represents a critical value should be adopted. 

Therefore, in order to represent the  thermal stresses in an indicative manner it should 

be normalized by the yield strength or tensile strength. Composition optimization for 

non-homogenous cylinder under thermal load adopting elastic analysis was carried out 

by Tanigawa et al. [27]. They used the tensile strength in the normalizing process as an 

indicative parameter for failure process. Since FGM is usually used in applications 

that must have high reliability and safety, such as space shuttles and nuclear reactors, 

therefore, normalizing process of thermal stresses by the yield strength is better in 

such applications to insure their high reliability and safety. According to this 

discussion the yield strength will be adopted in the normalized processes during the 

current investigation.  

The main objective of the current investigation is to minimize the thermal and 

residual stresses where the normalized von Mises equivalent stress ratio was adopted 

to indicate them. The yield stresses for the 2D-FGM that used in the normalized 

stresses were calculated at the different positions according to the rule of mixture of 

2D-FGM.  It is noteworthy that the tensile yield stresses for the ZrO2 constituent are 

considered if the first principle thermal stress component is tension. While 

compressive yield stresses are considered when the first principle thermal stress 

component is compression. 

The design variables for this problem are the nonhomogenous parameter mx 

and my that controls the composition variations through the 2D-FGM plate and hence 

the variations of thermal and mechanical properties of the 2D-FGM in x- and y-

directions. The following conditions for the design variables are considered; 

 The values of the nonhomogeneous parameter, mx, are varying in the range 0  mx 

 ∞.  Zero value is represented by 0.1 to obtain a 2D-FGM and ∞ is represented by 

20. Where  mx = 0.1, 2D-FGM, is better than mx = 0.0, conventional FGM, in 

reduction of thermal stresses according to Nemat-Alla et al. [26]. Also, mx = ∞ is 
represented by 20 where higher values have negligible effect in the variations of 

the composition according to Noda [7]. Also, mx = ∞ represent ZrO2/ Ti-6Al-4V 

conventional FGM.  It is worth mentioning that for mx  1 the composition is Ti-

6Al-4V alloy rich. For mx  1 the composition is 6061-T6 alloy rich.   
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 The values of the nonhomogeneous parameter, my, are varying in the range 0  my 

 ∞.  Zero value is represented by 0.1, where real zero value represents a ceramic, 

ZrO2, plate. Also, my0.1 means that the whole of the plate will be brittle like ZrO2. 

It is worth mentioning that for my  1 the composition is 6061-T6/Ti-6Al-4V FGM 

alloys rich. Also, my=∞ is represented by 20 according to Noda [7]. Where my=∞ 
represents ZrO2/6061-T6/Ti­6Al­4V 2D-FGM rich of ZrO2.  

 Heating time, t, is varying from zero second to the time required to reach steady 

state temperatures. 

 Cooling time, t, is starting from the time required for the heating steady state 

temperatures that represents the time at the end of heating, to the time required for 

the whole plate to reach a temperature 300 K.  

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.  Non-uniform heat flux that applied on the upper surface of the 

ZrO2/6061-T6/Ti­6Al­4V 2D-FGM plate. 

 

4. TRANSIENT THERMAL LOADING 

Nemat-Alla et al. [26] investigated the effectiveness of ZrO2/6061-T6/Ti­6Al­4V 2D-

FGM in reducing the thermal stresses under severe thermal loading cycle. The thermal 

loading cycle consists of heating under severe variable heat flux then cooling to room 

temperature. Such thermal load represents the severe practical applications that many 

machine elements are subjected to it. Nemat-Alla et al. [26] found that conventional 

and 2D FGM were yielded and have equivalent thermal stress values greater than the 

tensile strength except the case of ZrO2/6061-T6/Ti­6Al­4V 2D-FGM. In case of 

ZrO2/6061-T6/Ti­6Al­4V 2D-FGM maximum value of normalized equivalent stresses 

was 1.1 in heating stage and 1.0 in cooling stage.  Therefore, the same severe thermal 

loading cycle that was used by Nemat-Alla et al. [26] will be adopted through the 

current composition optimization process, for ZrO2/6061-T6/Ti­6Al­4V 2D-FGM.   

The thermal loading cycle and the associated boundary conditions are 

described as follows; firstly, the plate is assumed to be subjected to  a nonuniform 

heating heat flux on the upper surface (y = h) as shown in Fig. 2.  The applied 

nonuniform heat flux has the following form: 

minminmax )1(*)
2

(sin)( q
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where qmax and qmin are  the maximum and minimum values of the heat flux and m is a 

constant.  Values of qmax and qmin were taken to be 400 kW/m
2
 and qmin 200 kW/m

2
,   

[6, 41]. 

The lower surface of the plate, (y = 0), is subjected to cooling by convection to 

an ambient temperature of 300 K. The right and left surfaces of the plate, (x = 0, x = 

w), are thermally isolated. According to Choules and Kokini [6] and Kokini and Case 

[41] a convection heat transfer coefficient hL = 1000 W/m
2
K and 300 K ambient 

temperature are adopted.  

 After the heating stage reached had to the steady state condition the upper 

surface was left to cool down by convection to the ambient temperature of 300 K. The 

cooling heat transfer coefficient at the upper surface, hUc is taken to be 1000 W/m
2
K 

according to Kokini and Case [41]. 
The transient temperature, T(x ,y, ), variation over the plate in x and y 

directions is determined by solving the following transient two dimensional heat 

equation using finite element method: 
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The corresponding thermal boundary conditions for heating and cooling stages 

are as follows: 

Initial condition                                                                

T(x,y,0) = 300K                                                                                                    (7) 

Heating stage at the top surface 

q
y
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Heating and cooling stages at the lower surface   
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Cooling stage at the top surface       
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 The isolated thermal boundary conditions at the right and left plate surfaces 

are as follows; 

0
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5.   FINITE ELEMENT MODEL 

Significant efforts [42-48] have been done in previous researches to implement the 

continuous variation of the FGM properties in the finite element formulations. It was 

found that the continual spatial variation of the properties of nonhomogenous 

materials in the finite element formulation does not present a computational problem 
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since the stiffness matrix may be determined by averaging across each element. 

Generally there are two methods that can be adopted to account for the material 

properties in the finite element formulation. Either through assignment of the 

properties for each element individually or dividing the whole structure into numerous 

areas then assigning properties to each area [43-45]. Santare and Lambros [46] 

introduced a formulation for calculation of material properties in graded elements 

which automatically interpolates the material properties within the element. Also, Li et 

al. [42] and Kim and Paulino [47] have proposed a generalized isoparametric 

formulation in their application of the finite element for materials with an internal 

property gradient. In these studies, mean properties, calculated by integration within 

each element, were used for the stiffness matrix. Rousseau and Tippur [48] have 

introduced a novel technique that involves definition of the properties as functions of 

the temperature then the properties have been estimated from the solution of these 

functions after assignment of temperature values at the elements nodes.  

In the current investigations temperature dependent thermo-mechanical 

properties are taken into consideration through the finite element analysis. In order to 

obtain more accurate predictions of thermal stresses that are expected to be induced in 

the adopted FGM plates the thermo-elastic-plastic behavior of the constituent 

materials should be considered. When the upper ceramic surface of FGM plate is 

subjected to thermal cyclic load (heating followed by cooling) thermal stresses will 

develop inside the plate. This is attributed to the difference in the coefficient of 

thermal expansion from point to point inside the plate where the thermal and 

mechanical properties vary continuously in x and y directions. The thermo-mechanical 

properties are calculated based on volume fractions and the rules of mixture of FGM 

as described in [24]. 

Although the material properties of the 2D-FGM plate and the thermal 

loadings change only in the x-y plane the thermal strains would create 3D stress strain 

fields.  For assessing the 2D approximation for such case, an aluminum plate similar to 

that of the 2D-FGM plate was modeled with 3D, 2D plane strain, and 2D plane stress 

FE models [49].  These models were loaded with a varying temperature field in x-y 

plane similar to the adopted field on the current study. The results show that the 

deviations were about 39% in y for plane strain approximation and 29% in x for 

plane stress approximation. While the other stress components are closed to their 

corresponding components of 3D model. Such results prove the essentiality of the 

using of the 3D model.  Since there is no temperature gradient in Z direction therefore 

there is neither stress nor strain gradients in Z direction.  However, due to the 

temperature changes in X-Y plane, the stresses and strains in Z directions are not 

zeros.  Then the problem is neither plane stress nor plane strain problem. Furthermore, 

the problem has 3D Stress-Strain state. Any other assumption may leads to none real 

stresses or strains in Z direction.  Adding, the problem then has to be analyzed in 3D 

FE-analysis, while the results of the gradients will be presented in 2D (X-Y) contours. 

The investigated FGM plates have a thickness h of 30 mm, a width w of 300 mm and a 

length of 700 mm. The 3D finite element model, used in the current computations of 

the coupled elastic-plastic thermo-mechanical problem, contains 46080 eight-nodded 

thermal-solid brick elements. This number of elements results from uniform dividing 
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of the FGM into 240 elements through plate width, 24 elements through plate 

thickness and 8 elements through plate length. The mesh is refined in the plate cross 

section, x-y plane, (240x 24 elements) because of the material nonhomogeneity in this 

plane. Such refinement is expected to guarantee more accuracy of the results. On the 

other hand, a small number of elements (8 elements) have been taken along the plate 

length, because of the material homogeneity along that direction. Since, there is 

neither stress nor strain gradients in the Z direction, then there is no harm of using 

large aspect ratio in this direction. 

The mechanical boundary conditions used in the finite element model are as 

follows; all nodes at the plate bottom surface are roller supported to prevent their 

movement in the y-direction. Also nodes at the plate left side surface (x = 0) and the 

plate mid plane (z = 0) are prevented from movement in the x and z- direction 

respectively.  

 The numerical solutions of the present investigation have been carried out for 

ZrO2/6061-T6/Ti­6Al­4V 2D-FGM plates of different composition according to the 

following steps:  

1- The plate is numerically subjected to a non-uniform heating from the 

surrounding medium followed by sudden cooling.  

2- The transient temperature distribution is obtained at discrete time increments 

by the solution of the thermal problem equations (6-12).    

3- The resulting displacements and thermal stresses were determined by the 

solution of the 2D-FGM thermal stresses problem under the predetermined 

temperature distribution as described above. 

4- The stresses on each node were averaged according to the stresses on its 

associated elements and shape function. 

Assuming that the plate deformations did not affect the temperatures where, 

the problem was modeled as a quasi-static thermo-mechanical problem. 
 

6- RESULTS AND DISCUSSIONS 

Nemat-Alla et al. [26] showed that ZrO2/6061-T6/Ti-6Al-4V 2D-FGM plate has high 

capability to stand with the adopted thermal load without cracking or fracture. The 

current work is aimed at getting more reduction of the thermal stresses in ZrO2/6061-

T6/Ti-6Al-4V 2D-FGM plate by composition optimization as described above. The 

nodal temperatures were obtained by solving the transient heat transfer problem.  

Elastic-plastic transient structural analysis model of the considered plates, using the 

obtained temperatures, was used to determine the resulting stresses and displacements 

under the adopted transient thermal loading cycle. The calculated values of the thermal 

stresses are normalized by their correspondence yield stresses. The yield stresses are 

calculated at different positions as a function of the corresponding temperatures at 

those positions. Through the current investigations it is considered that cracks 

initiations and propagations will occur when the normalized equivalent stresses are 

tensile and greater than unity.  Since von Mises equivalent stress criteria could not 

distinguish between compressive and tensile stresses, the first principle stresses will be 

used to indicate that the equivalent stresses are compressive or tensile.  In order to 

optimize the composition of the adopted 2D-FGM plates based on minimum values of 
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thermal stresses the parameters that affect the thermal stresses should be investigated. 

Of course the temperature variation through the adopted 2D-FGM plates is an 

important parameter, which reflects the effect of thermal conductivity, heat capacity 

and density.  
 

6-1- Reduction of Temperature 

In this section the temperatures variation through the adopted ZrO2/6061-T6/Ti-6Al-

4V 2D-FGM plates are presented and discussed.  The composition variations of the 

adopted 2D-FGM plates are represented by the variation of the non homogenous 

parameters  mx and  my  in the x and y directions. Many cases of ZrO2/6061-T6/Ti-6Al-

4V 2D-FGM plates are investigated and the maximum value of the temperature 

through the plate was assigned.  Figure 3 shows the variations of the maximum 

temperature, in Kelvin, versus the values of the nonhomogenous parameters mx and 

my.  It is clear that maximum temperature, 2200 K, occurred at the minimum values of 

mx and my. Minimum values of mx and my according to equations (1) to (3) means that 

the plate is ZrO2 extremely rich or whole of the plate is ZrO2. This case of material 

composition should be avoided due to law fracture toughness and low strength of 

ZrO2. Also it is clear that the minimum temperatures were achieved for values of mx 

and my which are greater than 6. Maximum values of mx and my according to equations 

(1) to (3) means that the plate is aluminum alloy, 6061-T6, rich. This may be attributed 

to the fact that aluminum alloy, 6061-T6, has high heat conductivity.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 3 Variation of maximum temperatures, in Kelvin, for the adopted ZrO2/6061-

T6/Ti-6Al-4V 2D-FGM plates where the maximum value is 2200 K.  (a) For  

different values of mx and my.  (b) For different values of mx and  my =0. 
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Figure 4 shows the temperature variations, in Kelvin, through ZrO2/6061-

T6/Ti-6Al-4V 2D-FGM plate for mx= 0.1 and my = 0.1 where the maximum value is 

2200 K. The nonhomogenous parameters, mx= 0.1 and my = 0.1, represent the case of 

2D-FGM plate with ceramic, ZrO2, extremely rich. Such case represents the worst case 

of temperature since maximum temperature was achieved. It is noticeable that the 

maximum temperature was achieved on the upper ceramic surface which has low 

fracture toughness and low strength. Therefore such case should be avoided because of 

achieving maximum temperature. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Temperature variations, in Kelvin, through ZrO2/6061-T6/Ti-6Al-4V 2D-FGM 

plate for mx= 0.1 and my = 0.1 where the maximum value of temperature is 2200 K.  

(a) Through upper surface of the plate.  (b) Through the whole of the plate. 
 

Figure 5 shows the temperature variations, in Kelvin, through ZrO2/6061-

T6/Ti-6Al-4V 2D-FGM plate for mx= 10 and my = 10 where the maximum temperature 

value is 950 K. The nonhomogenous parameters, mx= 10 and my = 10, represent the 

case of 2D-FGM plate with aluminum alloy, 6061-T6, rich. This represents the best 

case of material composition since minimum value of the maximum temperature was 

achieved. Also, it can be noticed that the maximum temperature was achieved on the 

upper ceramic surface. In addition, such composition reduces the maximum induced 

temperature by 57% compared with using of material composition with the 
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nonhomogenous parameters mx = 0.1 and my = 0.1. Therefore such case should be 

adopted because of achieving minimum value of maximum temperature in spite of the 

maximum temperature was induced on the ceramic surface. Since the coefficient of 

thermal expansion is variable through the adopted plates therefore optimization 

process through thermal stresses should be carried out. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5 Temperature variations, in Kelvin, through ZrO2/6061-T6/Ti-6Al-4V 2D-FGM 

plate for mx= 10 and my = 10 where the maximum value of temperature is 950 K.       

(a) Through upper surface of the plate.  (b) Through the whole of the plate. 
 

6-2- Reduction of Thermal Stresses  

Figure 6 shows the variations of the maximum normalized equivalent stresses that 

resulted in the adopted ZrO2/6061-T6/Ti-6Al-4V 2D-FGM plates versus the values of 

the nonhomogenous parameters mx and my during heating stage, where the maximum 

and minimum values are 2.0 and 0.8 respectively. It is clear that maximum value of the 

maximum normalized equivalent stresses was achieved for values of mx and my of 

about 3 and 10 respectively. From equations (1)  to (3) it can be concluded that this 

plate is aluminum alloy, 6061-T6, rich or ceramic, ZrO2, poor while the volume 

fractions of Ti-6Al-4V is intermediate. Also, the minimum value of the maximum 

normalized equivalent stresses, 0.8, was achieved for values of mx and my of about 0.1 

and 5 respectively. From equations (1) to (3) it can be concluded that this plate is Ti-
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6Al-4V alloy or ceramic, ZrO2, poor while the volume fractions of 6061-T6 is 

intermediate. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6   Variations of the maximum normalized equivalent stresses that resulted in 

ZrO2/6061-T6/Ti-6Al-4V 2D-FGM plates versus the values of the nonhomogenous 

parameters mx and my during heating stage where the maximum and minimum  

values are 2.0 and 0.8 respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7  Variations of the maximum normalized equivalent stresses that resulted in 

ZrO2/6061-T6/Ti-6Al-4V 2D-FGM plates versus the values of the nonhomogenous 

parameters mx and my during cooling stage where the maximum and minimum 

 values are 1.3 and 0.24 respectively. 
 

Figure 7 shows the variations of the maximum normalized equivalent stresses 

that resulted in the adopted ZrO2/6061-T6/Ti-6Al-4V 2D-FGM plates versus the 

values of the nonhomogenous parameters mx and my during cooling stage, where the 

maximum and minimum values are 1.3 and 0.24 respectively. It is clear that maximum 

value of the maximum normalized equivalent stress was achieved for values of mx and 

my of about 7 and 0.2 respectively. From equations (1) to (3) it can be concluded that 

this plate is ceramic, ZrO2, or Ti-6Al-4V alloy, poor while the volume fractions of 

6061-T6 is intermediate.    

Zoomed area. 

0.20.40.60.8 1 1.21.41.61.8 2

mx

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

m
y

2 4 6 8 10 12 14 16 18 20

mx

2

4

6

8

10

12

14

16

18

20
m

y

2 4 6 8 10 12 14 16 18 20

mx

2

4

6

8

10

12

14

16

18

20

m
y

0.20.40.60.8 1 1.21.41.61.8 2

mx

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

m
y

Zoomed area. 



ELASTIC-PLASTIC INVESTIGATION ON EFFECTIVENESS OF TWO …….. 
________________________________________________________________________________________________________________________________________________________ 

1475 

Also, the minimum value of the maximum normalized equivalent stress, 0.24, 

was achieved for values of mx and my of about 0.1 and 5 respectively.  From equations 

(1) to (3) it can be concluded that this plate is Ti-6Al-4V alloy rich or ceramic, ZrO2, 

poor while the volume fractions of 6061-T6 is intermediate.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8 Variation of the maximum normalized von Mises equivalent stresses eq/Y, for 

the optimum case (mx = 0.1 and my = 5) during heating stage that was achieved at 

steady state where the maximum value is 0.8.  (a) Through upper surface of 

 the plate.  (b) Through the whole of the plate. 
 

Finally from Figs.6 and 7 it can be noticed that minimum values of maximum 

normalized equivalent stresses that are achieved in the adopted ZrO2/6061-T6/Ti-6Al-

4V 2D-FGM plates during heating and cooling stages are elastic values which are 0.8 

and 0.24 respectively. These values are induced in the same plate that has values of mx 

and my of about 0.1 and 5 respectively. Also, from Figs. 6 and 7 it can be noticed that 

maximum values of maximum normalized equivalent stresses that are achieved in the 

adopted ZrO2/6061-T6/Ti-6Al-4V 2D-FGM plates during heating and cooling stages 

are 2.0 and 1.3 respectively. These values are inelastic values and represent the worst 

case of the induced thermal stresses during heating and cooling stages. This occurred 

for values of mx and my of 3.0 and 10 for heating stage and 7 and 0.2 for cooling stage 
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respectively. These values are induced for different values of mx and my which mean 

that they are induced in different plates.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9  Variation of the maximum normalized von Mises equivalent stresses eq/Y,  

for the optimum case (mx = 0.1 and my = 5) during cooling stage that was achieved 

after staring of cooling process  where the maximum value is about 0.24.  

 (a) Through upper surface of the plate.  (b) Through the whole of the plate. 
 

Figures 8 and 9 show the variation of the maximum normalized von Mises 

equivalent stresses eq/Y, for optimum case, mx = 0.1 and my = 5, during heating and 

cooling stages respectively. The maximum values are 0.8 and 0.24 for heating and 

cooling stages respectively and they are induced on the upper ceramic surface. These 

values are elastic values and hence the residual stresses should be zero in this plate 

under the adopted thermal loading cycle which is an important achievement. From the 

calculated values of the normalized equivalent residual stresses for the obtained 

optimum composition of ZrO2/6061-T6/Ti-6Al-4V 2D-FGM, mx = 0.1 and my = 5, it 

was found that the maximum value of the normalized equivalent residual stresses 

0.035. This represents 3.5% from the yield stress which may be considered as an 

acceptable value of the numerical error and gives a confidence in the numerical 

results. 
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Fig. 10 Variations of the optimum composition of the three basic constituents of ZrO2/     

6061-T6/Ti-6Al-4V 2D-FGM, for mx = 0.1 and my = 5. 
 

Figure 10 shows the optimum composition variations of the three basic 

constituents of ZrO2/6061-T6/Ti-6Al-4V 2D-FGM, with mx = 0.1 and my = 5.  It is 

clear that the optimum composition is ceramic poor or metallic rich. It is noteworthy 

that the ZrO2/6061-T6/Ti-6Al-4V 2D-FGM, with mx = 0.1 and my = 5, metallic 

composition rich is Ti-6Al-4V rich or    6061-T6 poor. This may be attributed to the 

high strength of Ti-6Al-4V and high heat conductivity of 6061-T6 aluminum alloy. 

 

7.  CONCLUSIONS 
 

Composition optimization of ZrO2/6061-T6/Ti-6Al-4V 2D-FGM, under prescribed 

severe thermal loading cycle was carried out. An elastic-plastic finite element model, 

adopting elastic-plastic strain hardening behavior, was used. From the results of the 

current investigation the following conclusions can be drawn; 

1- Optimum composition based on the minimization of the induced temperature 

for ZrO2/6061-T6/Ti-6Al-4V 2D-FGM is achieved for mx = 0.1 and my = 0.1. 

While optimum composition based on minimization of the maximum 

normalized equivalent stresses for ZrO2/6061-T6/Ti-6Al-4V 2D-FGM is 

achieved for mx = 0.1 and my = 5.  

2- Optimum composition of ZrO2/6061-T6/Ti-6Al-4V 2D-FGM that can 

withstand the adopted severe thermal loading is achieved for mx = 0.1 and my = 

5.  
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3- The obtained optimum composition of ZrO2/6061-T6/Ti-6Al-4V 2D-FGM can 

stand well with the adopted severe thermal loading without any plastic 

deformation or residual stresses where the maximum value of the normalized 

equivalent stresses during heating stage is 0.8 and the maximum value of the 

normalized equivalent stresses during cooling stage is 0.24.  

4- The optimum composition of ZrO2/6061-T6/Ti-6Al-4V 2D-FGM is ceramic, 

ZrO2, poor or metallic rich. Where metallic composition rich is Ti-6Al-4V rich 

or 6061-T6 poor.  
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ƃيب  اƂاأمثل تر ƃ  مُدَرَجةƃوظيفيا لمواد  ا 

 ةل اƃحرارياحماا ت تأثيرثنائية اأبعاد  تح
 
امƄن  عاƅية   ةل حراري  اإƅى احم تتعرضاƅتي  ات  Ɗيفي عƊاصر  اƅماƄ ةاƅحراري   اتتخفيض اإجهاد  ن إ

فى هذا اƅبحث  تم   .2D-FGM ثƊائية اأبعاد  وظيفيا  ƅمواد  اƅمُدَرَجة  ا استخدام عن طريق تحقيقه
 /ZrO2/6061-T6  اأبعاد   ية ثƊائوظيفيا    اƅمُدَرَجة    ƅمواد  ااƅوح من اƅحصول على  اƅترƄيب  اامثل 

TI-6AL-4V  حادّ من  دورة  تاثير  تحتƅحراري اƅتحميل اƅون من اƄمƅها عملية يتَل عملية تسخين ا
وقد  وجد . ة و اƅمتبقية اƅمتوƅدة فى اƅلوححرارياƅ اتجهادواإ درجات  اƅحرارة قيم ليل تق عن طريق تَبريد،

اƅتاƅية  قيم اƅعƊد  يمƄن تحقيقة اƅمتوƅدة فى اƅلوح اƅقصوى ت  اƅحرارةدرجاقيم على  بƊاءامثل اƅترƄيب  اƅ ان 
ƅصادىƅى واƊسيƅا Ƌتجاƅس فى اƊتجاƅمعامات  عدم ا  mx = 0.1 and my = 0.1  ماƊوجد ان   . بي 

ƅيب  اƄترƅاءامثل اƊاتجهاداإقيم على  ب ƅقصوىة حرارياƅلوح اƅدة فى اƅمتوƅن تحقيقة اƄد  يمƊعƅقيم ا
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اƅترƄيب  انو    mx = 0.1 and my = 5 .معامات عدم اƅتجاƊس فى اƅتجاƋ اƅسيƊى واƅصادىة ƅاƅتاƅي
اƅتحميل اƅحراري  اƅحادِ اƅمُتَبƊّى  يقاوميُمƄْ نُ أَنْ  ثƊائية اأبعادوظيفيا  ƅمواد  اƅمُدَرَجة  اƅاƅواح من اامثل 

 اƅتسخين هو أثƊاء مرحلة   ةاƅمƄافئ   اتإجهاد  ƅان أقصى قيمة و  ةمتبقي اتأَو إجهاد ƅدن Ƌبدون أيّ تشو 
  من قيمة اجهاد اƅخضوع.   0..8 اƅتبريد هو أثƊاء مرحلة   من قيمة اجهاد اƅخضوع و8.0
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